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0 Introduction

0.1. Quotation Spectral sequence is the thing which really controls
when we guess something should be controlled by one.

0.2. Introduction Spectral sequence is a powerful tool widely used in
different branches of modern mathematics. It proves its power especially in
homological algebra, algebraic topology, algebraic geometry, etc. It
is gradually supposed to be mastered by any master students in the relative
areas. This lecture note is devoted to present its foundation and applications.

Of course, the choice of topics are highly effected by the author’s per-
sonal favor. To achieve the best balance, the author tries to achieve as much
breadth as he can. In fact, the readers (especially undergraduate students)
are recommended to regard this note as an advertisement of different topics
rather than just spectral sequences. For example, for a reading seminar tak-
ing over a semeter, roughly half of time should be utilized to introduce the
background. I believe students of different background would find their own
interests.

Generally speaking, only basic homological algebra is assumed. Though
we would not give a full proof to some of theorems which is too deep not to
figure out a sketch.

Before introducing the four parts individually, the author would like to
explain the title — spectral sequences left the author an impression that it
chops cohomology groups up as a saw so that it is my homological saw.

0.3. Construction In this part, the construction of spectral sequences will be
discussed, including filtered complexes , double complexes , and
exact couples B.5. Correct and self-contained proofs will be presented.

First examples are given after the construction, including simplicial co-
homology of a CW complex ; the Mayer—Vietoris spectral sequence
of topological spaces ; how spectral sequences imply diagram chasing
propositions .

0.4. Topology In this part, the Leray—Serre spectral sequences @ are
discussed in detail. with classic applications Gysin sequences , Thom
isomorphisms .

Next, more contruction of spectral sequences are reviewed, Eilenbeﬁg

Moore spectral sequences , Cartan—Leray spectral sequences ,
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Atiyah—Hirzebruch spectral sequences @, and Adams spectral se-
quences p.17.

0.5. Algebra In this part, we will discuss the Kiinneth spectral sequences
which is_a corollary of its generalization . The tool is the hyper-
resolution p.4. We can get Auslander—Reiten theory in transpose
and stable hom M using spectral sequence. We also establish the Bernner—
Butler theorem M in theory of tilting modules as an application of spectral
sequences.
Next, we will discuss the Grothendieck spectral sequences @ which
are very important. we will discuss group (co)homology, and the Hochschild

spectral sequence . We will also define Hochschild (co)homology
i.2 J.

0.6. Geometry In this part, we will compute the cohomology of projective

spaces , Grassmannians and flag varieties . Taking advantage of

the computation, we will give an introduction to Chern classes B.15.
Lastly, we will review more geometry, including sheaf cohomology, and

Hodge theory. We will meet Leray spectral sequence again, Cech
cohomology , spectral sequences for staratification , and see
Froélicher spectral sequence@ and Deligne degeneration theorem

0
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1 Construction (1)

Quick Definition

1.1. Given a complex (C,d), we define its cohomology H(C') = kerd/imd.
It looks like

d i—1 d ) i+1 d
= C im d C im d ..
\\cokd/ \ker d \cokd/ \\kerd
H(C) H(C) H(C)

where the notation takes the usual cochain complex convention.

We have C = (C%);ez, with d; : C* — C**! and H'(C) is a
subquotient of C, i.e. kerd;/imd; 1.

Note that there is no natural map between H(C) and C or among H(C).
1.2. A spectral sequence is a series of complexes E' = (E,)72, with H(E,) =

F.11. Note that the differential of F, is “given”, rather than induced. Usu-
ally, a spectral sequence is double graded in the following convention.

We have E,. = (6
degree (r,—r +1).

e p+qE Npez with d : E. — E,. of double

E?3*>E113*>E123%>E%3 ESS\ E213\ EgS Eg& EOS E§3 E E33
\, \,
2 12 L 22 | 32 02 | 12N o230 22| 2
E(1) *>E1 *:>E1 *3>E1 E2 N E2 \ E2 E2 E
\ \

01 g1l L 21 L 31 01 Il pel S s 01 \1\ 01 N1
EV N L E2 LR B9 EMEZES EQ' El % B3
\, ..

00_L 7710_L 1720 L 1730 00| 10 Nm20 N30 00| 10| 20 N30
EO L0 20 EQ | BN NEN RS EY El0 2 g

1.3. For a spectral sequence E' = (E,)2, , we say E,. has an algebraic limit,
if for r > 0, the differential of F, is zero. In this case, we write its limit by

E. Note that E, is a subquotient of E,, so

NZ: .. 0CB.CZ CE
U BT’ with E’r+1 = Zr/Br~

Eoo =
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if the limit exists.

For a spectral sequence (E,), and an object H, if there is a bounded
filtration over H such that the associated graded object gr H = F,. Then we
say I, converges to H. It is usually denoted by E, = H.

Usually the filtration is decreasing if our convention is cohomological.

The H = (H™) is filtered by FPH"™ which is smaller when p is
bigger. The gr? H® = FPH"/FPTIH" If E, = H, it means
EPY = grP HPT4. As a result, the leftmost is a quotient, the right-
most is a subobject. We write

EPY —s HPHY,

1.4. In practice, there would be more different sense of limit and convergence,
see :(i

Filtered Complex

1.5. Modular property For three sub-objects A, B, C' of some big object in an
abelian category. If B C A, then B+ (CNA) = (B + C)N A. Thus it makes
sense to write B + C' N A.

1.6. For two bounded filtrations F; and F5 on C, we can refine F; by Fy by
adding {FP*! + F3 N FP} between FPT' C FP. We can also refine Fy by F
by adding {F{™" + FP N F{} between F{™" C F{. They have the isomorphic
associated graded objects by the following Zassenhaus’ lemma.

1.7. Zassenhaus’ lemma If B C A and D C C of some big object in an
abelian category, then the following maps are all isomorphisms,

ANC
(AND)+ (BNO)

e N
B+CnA D+ANC

B+DNA D+BNC
s
(A+D)N (B +C)
B+D




1 Construction (1) 7

1.8. Spectral Sequences for Filtered Complexes Assume we have a bounded
filtration F' of complex on a complex (C,d), namely each F* = F*C is a
complex. Then there is a spectral sequence E with Ey = gr C' with induced
differential,

E = H(gI‘C) — I{(C()7

with the filtration on H(C) given by the image of {imd+ F*Nkerd} in H(C).

If C = (C*, d), with filtration FPC?. Then EY? = HPT4(FPC®/FPTLIC®).

Proof Note that what we really want is the middle suquotient of
0 C€C imd <C kerd C C.

The first step 0 C imd can be refined by {d(F*)}, and it is clear that
{d=Y(F*)} sits between kerd C C. The techenique is to refine F' with the
{d(F*)} U {d~Y(F*)}. Define

ZP | = Frtl 4 g~ Y (FPET)yn FP D FPH fkerd N FP
BP | = FPtl 4 q(FPHi-")n FP C FPH fimdn FP

Then we have

ZP PPl grli(FeiTyn FP

ZP  Frtl g g-Y(Fprtrtlyn Fp
() d(FPYY)+ FPrrNd(FP)  FPYT 4 d(FP)n FPITHL pRtT

d(Frtl) + Frer+lnd(Fr)  Fptr 4 d(Frtl)n Feir+l - peir

The ® follows from the lemma E below. Define
o Zyy PPl dTN(EPT)NE?
" BP ., Fprtl4d(Frtl-m)ynFP

r

with differential

p P p+r P+
d: |:Ep — erl s ZT‘fl ~ Br SN Z’I"*l — Ep-‘,—r
r P P T pptr p+r r .
BT—l ZT Br—l Br—l

Then it is clear that ker [Ef i> ] = BZP—'Z‘), and im [ i> Eﬁ] = B’if . So
r—1

r—1

the cohomology is % = E? 41- Thus the above construction gives a spectral
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sequence. Now

NZe  OFrt 4 dYFPY A FP

E? =
o0 UBF UFrtl+d(Fr-m-1)nFr
(*) rrtl 4 ﬂd‘l(Fp”) nrEr FP+l 4 kerd N FP
T PPl Jd(Fr—m-1)yN FP T Fptl 4imdN FP
_ imd+ FP Nkerd

" imd+ Frtlnkerd’

The equality © uses the assumption of being a bounded filtration. To com-
plete the proof, we need to compute the case r =1,

- Zy PPt g dt'(FrthnFr

EP = 20 _ = H(FP/FPT).
LB Frtl 4 d(Fp)n FP (F7/ )

This is what asserted in the theorem. Q.E.D.

19.Lemma Let BC AC X, and D C C CY with a morphism X — Y,
then the natural map

B+ fY(O)nA . f(B)+Cnf(A)
B+ f~1(D)nA f(B)+Dn f(A)

is an isomorphism. See also .

1.10. Actually, the differential on E; is given by
Herq(FpC'/FerlC’) i> Hp+q+1(Fp+IC-) N Hp+q+1(Fp+lc'/Fp+2C°).

This follows from the diagram chasing — the map is induced by d.

Examples

1.11. Long exact sequence Consider a short exact sequence of complex

0—D—C—Q—N0.
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Consider the filtration on C by C' 2 D D 0. Then the spectral sequence looks
like

QT Di+2 e @ W O ker'™ | cokiT?
Q! Ditl YXE \Q«\——;«é \O\ ker! cokitl
~
\

Qi1 Di 6.%» @vl» ﬁm @\ ker’ ™ cok’ ™~

Thus Fs = E.,. We have an exact sequence
0 — ker' — H'(Q) — H(D) — cok'™ — 0
The convergence gives a short exact sequence
0 — cok’ — HY(C) — ker’ — 0.
Thus we can connect them to get the classic long exact sequence
-+ — HY(D) — H'(C) — HY(Q) — H"™ (D) — -+ .

Actually, the differential of F; coincides with the connecting morphism ¢ in
the long exact sequence. This can be remembered by the following diagram

e KQ‘\—?W \O\
H“’l(\C) )
S()IIENNY
@ N YXWX*\

H'(C
(\)

> KQ)—% iy O\
Qm 6 \
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1.12. Simplicial Cohomology Denote Sing®(—) the complex computing singu-
lar cohomology. We have a surjective map Sing(X) — Sing(U) for any U C X
by restriction. Denote the kernel to be Sing(X,U). Note that it computes
relative cohomology H(X,U).

Let X be a CW complex. We firstly assume X of finite dimension. Denote
X} the union of cells of dimension < k and X_; = &. Then Sing(X, X,)
forms a filtration on Sing(X), with the associated graded complex to be
Sing(X,, Xsy1). It is known that

Z», ¢=0,

= #{p-cells}.
0, otherwise, To {p }

HP9(X,, X, 1) = {

So the spectral sequences looks like
0 0 0 0
7fo_s7f L7 fa L7 fs

It turns out, it coincides with the simplicial complex. This inspires the Leray—
Serre spectral sequence K.6.

1.13. Remark Remind the following piece of homological algebra,

For any complex morphism B — C, we o
can factor through C’, with C" — C' a / il
homotopy-equivalence, and B — C’ is

injective. B T> C

Actually, C’ is the mapping cylinder, and the resulting quotient is the mapping
cone, see [1.21].

For any complex morphism B i> C, we f
can find a complex D, with morphism H(B) H(C)
C%Dand D BJ[1], such that the R %

induced map in cohomology is a long
exact sequence

Actually, D is exactly the mapping cone, see . Actually, such H(D) is
uniquely determined by 5-lemma.
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From this point of view, the assumption to be filtered complex is techenique,
we can even deal with a series of morphisms of complexes --- — F2 — F1 —
C'. Or, a series of triangles (triple of morphisms inducing long exact sequence
as above). This can be generalized to exact couples B.5.

Exercises

1.14. Prove @, @, @

1.15. Generalized Modular Property Show the projective formula for abelian
sub-objects

FUTHAYNC)=A'nf(C)  fTUB' + (D)= f~1(B") + D.

1.16. Functorial Zassenhaus' Lemma Assume we have two sets (4, B, C, D)
and (A’,B’,C’,D’) in Zassenhaus’ Lemma [L.7. If there is a morphism f
between the big objects with f(A) C A’ etc. Then we have

B+CnA N B +C'nA
B+CnA B +D'NA

Show that when f(ANC) = A’ N C’, then this map is surjective; when
B+ D = f~Y(B’'+ D'), this map is injective.

1.17.Boundedness We say a filtraion F' of a module C is exhaustive if

UF = C; is bounded below if C* = 0 for some i. Note that this does NOT
make sense in arbitrary abstract abelian category.

1.18. Exchange of Limit For two submodules B C A of some big object, and
a filtraion C'®, prove that

UB+cnay=+Jc na
If C'* is bounded below, show that

B+C*nA)=B+(C*nA.
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1.19. Classic Limit For a spectral sequence (E, )32, —of modules, £, is a

subquotient of E,,, writing F, = Z,_1/B,_1, we define the classic limit
Ex=N%-/UB:.

For a spectral sequence (E,), and an object H. If there is an exhaustive
and bounded below filtration over H such that the associated graded object
gr H = E,. Then we say E, converges to H (in the classic sense).

Note that these do NOT make sense in arbitrary abstract abelian category.

1.20. Classic Convergence Check that @ still holds in the classic sense for
modules for exhaustive and bounded below filtered complex.

1.21. Mapping Cylinder Let f: B — C be a morphism of complexes. Define
the mapping cylinder

i—1 i i+1
.5 Bi—l Bit+1
/ ® / ® / /
cyl(f) : J = Bz+1 —d_ pi+2
NN O \
.. Cz‘—l Cz+1
d d
Show that the map
x+—(0,0,z)
C cyl(f)

(by,2)—f(b)+x

gives the homotopoy equivalence. Actually, (b,b,z) — (0,b,0) gives the ho-

motopy for cyl(f) — cyl(f).
Now B — C factors through cyl(f) by b +— (b,0,0), and it is obviously an

injective.

1.22. Mapping Cone The resulting quotient is the mapping cone

i—1 % i+1

—d —d

Bz+1 Bv,+2

cone(f) : \ \ \ \

Cz+1
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Then, we have
—(0,z)

BL o™ cone(f) (b2 =

B1).

Show that it induces a long exact sequence

= H(B)—!~ H(cyl f) — H(cone f) >~ H(B) —— - --

V ] / /

s H(B) —

To do this, we need to remind how ¢ is given in long exact sequence.

H(C) H(cone f) — H(B) — - -
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2 Construction (I1)

Double Complexes

2.1. Consider a double complex C' = (C??),,. We define its total (under the
Koszul convention, see )

p+q—1 p+q p+q+1
cr—ha D Cp-atl
— (-yra

o
Tot C' : (_1)”(1/, T
cpa-l & Ccr+la

—

B ey

® Tt T ®
(—rHid T

=27 D > Cpt2a-1

P 2]

Cp+1

Formally, the differential restricted on the C?? summand is
d=d1,0 + (=1)"d0,1)-

The purpose of next theorem is to analyse the cohomology of Tot C' using
spectral sequences.

2.2. Spectral Sequences for Double Complexes For a double complex C, if
CP? = 0 for |p| > 0, then there is a spectral sequence E with Ey = (C,d(,1)),
and the differential of Ey induced by 4d(; o) (under the Koszul convention),

EQ = H(H(O, d(O,l))7 d(l,O)) — H(TOt O)
Note that we do not assert any information about the differential of Fj.
Under the cohomological convention, EY? = HP(H(C,d 1)), d,0)) =
HP+9(Tot C).

Proof We have the “column filtration” Tot(C??),>, for Tot C. The associated
graded complex (for each *) is exactly (CP?,d(g1))p=+. This is Ey. By the
proof of @7 a little diagram chasing, the map of Ej is given by 4d(; 5). We
see that any sign exchanging is harmless. This is the proof. Q.E.D.
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2.3. For a double complex, Fs is obtained by computing the cohomology of
d(o,1), and then computing the cohomology of d(; g

C-C=C c ¢ ¢ H-H-H E_E E
booh boopk S
C—-C—=C c | Cc  C H—-H-—+H E_E E
R R .
C—-C—+C c | Cc  C H—-H-+H E | FE T FE

2.4, For a double complex C, if C?? = 0 for |¢| > 0, then there is another
spectral sequence E’ with Ey = (C,d(10)), and the differential of £y induced
by d(o,l),

Eé = H(H(C, d(l,O))v d(O,l)) - H(TOt C)

But in this case, the convention will be modified

C+C~=C C+C-—+C H H H E E E
bt (I ——
C+C~=C C+C-=C H H H E\E\E
bt (I ——
C+C—=C ~C=C H H H E E E

To avoid this, formally we take the transposition firstly.

Under the cohomological convention, E3” = H1(H?(C,d o)), d(0,1)) =
HP*4(C). Note that ¢ is the first entry.

But in practice, we will not restrict ourselves to this convention.

Examples

2.5. Snake Lemma Assume we have a commutative diagram

f g
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with each row exact. We can think it as a double complex. Then the spectral
sequence of it gives

A-=B-=C @i 00
J

LA W
X=Y—>Z 0 0 %
from which we know the cohomlogy of total is

ker f, 0, 0, cok h.

On the other hand, the spectral sequence for the other direction gives

A B \l@;i & \{@ﬂ )L>\6Qi < K 1 M L 1

-

N=- Q

LR /

X Y e R RO K" N | Ly

Since we have computed the total, we know K; = ker f, Lo = cokh, M = 0,
N =0, and Ko — L7 is an isomorphism. This gives the long exact sequence

0——=kerf ker s kert kerr
0 ——ker f A B C 0
| | |
¥ ¥ ¥
0 X Y Z cok h 0
cok s cokt cokr cok h 0

2.6. We can view a commutative square as a double complex

!

. B

h

A<

- - D
k
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We denote the cohomology of its total by H~!, H® and H*
-1 0 1
0—A ™M Bsc™ p—o

The spectral sequence looks like

A B «@ %\@“ K M
| |
Y \
¢ D A M, C

So we obtain an exact sequence
0— H ! > kerg— kerh — H® — cokg — cokh — H' — 0.

Actually each braid of the following diagram is exact

0~ kerf~  kerk” = —cokg cokh_ >0
\ 7N d/ \ 7 \kd/ \ /

/\/\/\/\/\

\__)’kerg\___’?kerh e cokfwcokk

See .13 for the exactness of the rest two braids.

2.7. Transgression Let f : C' — D be a morphism of two exact complexes.
Then ker f and cok f are both complexes. There is a natural isomorphism

H'  (cok f) — H"(ker f).

On one hand,

x> (C=C—=-=C>--- 0 0 0
b
>=D—>D—->D->--- 0 0 0
So the total is zero. On the other hand,
C | C  C @ o s e e eﬁ e&%\...
IS MM /ffﬁ ﬁ
. AT AT A D
D D D .. ...,>60\5&>G&5&>0&L... ) YX\ 6& YX\

By our computation of total, all maps H(cok f) — H(ker f) is an isomor-
phism. This recovers above two examples.



2 Construction (I1) 18

2.8.Balanced Tor and Ext Let A, B be two (right and left) modules (for
simplicity). We can pick projective resolutions P — A and @ — B. Then
P ® Q is a double complex. Then

H,(Tot(P ® Q)) = Tor, (A, B).

Actually,
Q> Q2 Qr _ _
?05‘9 @6‘9 ‘?’LG? 0 —0-—=20 0 0 0
éoﬁ @iw %Q” 0—>0—>0 0 0 0
o IS v
\{‘/Qo \‘VQIQ \{‘/Q’e 1Y) 1Y) 1Y) BQVP&/Q\X %9\
\30@ ?x@ ?’L@ ?Q@ 7?*69 7>?‘L® @o\i“\ QO“K @o‘%\

Similarly, we have the similar result for Ext. Pick an injective resolution
B — I. Then
H"(Tot(Hom(P, I))) = Ext"(A, B).

2.9. Derived Functor, Acyclic Object For a left exact functor F. Recall the
definition of the derived functor R'F.

For any object A, picking an injective resolution, A — I, we define
the derived functor by setting R'F = H!(F(I)). We say an
object A is F-acyclic if R'F(A) =0 for i > 1.

It is standard homological algebra to check it does not depend on the choice
of resolutions up to isomorphisms, and literally gives a functor.

Up to taking the opposite category, Ext, Tor are examples of it. Note that
for an injective object I, it is always F-acyclic by definition. In the case of
Tor, flat object is Tor-acyclic (in the opposite category).

2.10. Acyclicity Enough If A — I is a resolution with each I’ being F-acyclic,
then R'F(A) = H(F(I)). That is, to compute R'F, it suffices to use F-acyclic
resolution.

We can resolve each I* by an injective resolution I° — J? such that .J forms
a bicomplex. Actually, to do this, we can resolve kerd and imd of I®, and
apply horseshoe lemma to produce a bicomplex J (see for the general case
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with details). Note that Tot J is an injective resolution for A by the following
spectral sequence argument

Joz gtz | j22 0=0-=20 0 0 0
boh

JOL gt} g2t 0-=0-0 0 0 0
b T
Joo | io | 20 LY SR & AT 0 0

Then R'F(A) = Hi(Tot F(J)) by definition. Now apply F, and use the
spectral sequence argument,

02 12 22 NAEPRAEPRE
F(; >F<<{ )F% ) et 00 0
1 11 21 0 ) Y
F%O )F((% )F% IR N 0 0 0
F(JO)YF(JO)F(J?) F(I%yF (IYF (1?) F(I%yF (IYF(1?)

This inspires the Grothendieck spectral sequence @

2.11. Cech Cohomology Let X be a topological space with a finite open
covering U. We use Sing®(—) to stand the complex computing singular coho-
mology. Denote for p > 0

Uig,...i, = Uiy N---N U, U? = |_| Uio,....i,-

i0<...<ip
Here the disjoint union is formal. We denote the restriction

res;, : Sing(Uy, 5 ;) — Sing(Ui,....i,)-

ceeyllyeeylp

Consider the double complex C' with

p

(e — Sing?(UP) = H Singq(UiO,...,ip)7 d1,0) = H (—1)4 res;, .
0

i0<...<ip G0<...<ip £=
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For example, for three open sets A, B,C

0 1 2

Sing(A) > Sing(AN B)

//:\

Sing(X) Sing(B) Sing(ANC)->Sing(ANBNC)

Sing(C') — Sing(BN C)

where —— is positive, and > is negative.

On one hand, from algebraic topology, the p-th cohomology of (C, de1,0))
is homotopy (as a complex induced by d(q,1)) to zero for p > 0, and to Sing®
for p = 0. Thus the total complex computes singular cohomology H®(X).

On the other hand,

L Q/X’QXX P ?“O’X& L QXXAX\' ><X \vagXx Q}i;x \OQX s
o ) ) ¢ ) TR S
By «e/x‘q C"q . ‘)X\”q Ov/i;q\ovl OQXV\
S SICNREE S
Cv/»‘*/\ cp«‘*) C‘,x*“a/X XKOQ/‘% - 0*;» il
W

We get a spectral sequence
EP = HI(U?) = Hp+q(X).

For the case all U? are acyclic, E; only rests HO(Up) = Zf» where fp is the
number of connected components of U,,. This is known as Cech cohomology.
Actually, the sheaf version is more common to see. After more efforts, the
simplicial cohomology [l can be included by this.

If there are only two open subsets A and B. Then

HYU% = HY(A)® HY(B),  HYU')= HY(ANB).
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This recovers the Mayer—Vietoris sequence.

q &6\’ 6\

I Yo
y\“ﬁg@ 6‘*@

So this spectral sequence is also known as Mayer—Vietoris spectral se-
quence.

Exercises

2.12. The Koszul Convention Consider the transposition C* of a double com-
plex C. Then there is an isomorphism of complex

Tot C — Tot C*
given by (—1)P?id over CP9.

(—1)Plat1)
(—1)P4 =)
(_1)(p+1)ql
CPatl
=" @
T ot

The degree shifting is also important, we see

Tot(C[0,1]) “% (Tot €)[1]  Tot(C[L,0]) 5 (Tot 0)[1]
We can remember this convention by the following diagrams

p q +1 q +1

N v
AN l l/ i/
q p +1

p g+l D

Q<=
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No matter how our convention is taken, we always have the following diagram

Tot(C[1, 1)) — Tot(C[1,0])[1]
i anti l
commutative
Tot(C|0, 1))[1] —— Tot(C0, 0])[1]

2.13. For a morphism A I RN C, prove that there is a long exact

sequence
0 — ker f — kergf — kerg 3 cok f — cok gf — cok g — 0.

The (ig is the map through B.

ker g cok f

\/
/N
ker g f A C cok g f

NN

ker f<~—0 0 <——cokyg

2.14.5-Lemma Prove 5-lemma using spectral sequence. Assume we have the
following commutative diagram with each row exact

C C C C C
fl gi hi ki ei
D D D D D

Then when ¢ is mono, and g, k are epi, then h is epi; when f is epi, and g, k
are mono, then A is mono.

2.15.4-lemma If we have the following diagram with rows exact

0 A B C D 0

Lo bk

0 A B’ c’ D’ 0
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Prove that
B is injective = « is injective

[ is surjective )@ is surjective
~ is injective 0 is injective

v is surjective = 4 is surjective

Remark This is used to prove Zeeman’s comparison theorem.
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3 Construction (l11)
Exact Couples

3.1. Exact Couple An exact couple (D, E,i,j,k) is a long exact sequence

D—"~D
A /)
E

We take the following degree convertion

We have D = @ DP? and E = @ EP? with degi = (—1,1),degj =
(0,0), and degk = (1,0).

Another illustration is the following

D E D E D
D E D E D
D E D E D

3.2. Derived Couple We define its derived couple to be
D' = imi, E' = H(E,jok), D
and ¢’ induced by i, j induced \ /
by joi~!, and k' induced by k.

One can check that (D', E’,#', ', k) is still an exact couple.
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3.3. We denote (D™, E™ (™) ) k() the n-th iterated derived couple.
One can check that D™ = im ™, and i(™ induced by 4, j(™ induced by ji~",
and k(™ induced by k.

Under the degree convention, degi = (—1,1), degj = (n,—n),
degk = (1,0) for n-th iterated derived couple.

3.4. Cohomology Define the cohomology of an exact couple to be
H = lim o DS D,

There is a filtration over H is given by the im [D — H ]

Under the degree convention, H = (H") is filtered by FPH" =
im [qu — Hp“]]. Moreover, we say an exact couple is bounded
below if for fixed n, DP""P = 0 for p > 0. As a result, the
filtration is exhaustive and bounded below.

3.5. Spectral Sequences for Exact Couples For a bounded below exact couple
(D, E), there is a spectral sequence E, = E=1 with differential j"=1) o
k=1 converges to H in the classic sense [1.2(.

Remark In the proof, we use the explicit description of the limit, this does
not hold in general abstract abelian category.

3.6. Filtered Complex Let C be a filtered complex of modules. Consider the
short exact sequence

0 — FPTC — FPC — FPC/FPTIC — 0
which gives rise to
oo — HY(FPT'C) — H™(FPC) — H"(FPC/FPT'C) — H" Y (FPTIO) — ---

Denote

D =@ Dr¢ DPI= HPTIFPC)
E=@FEP EPI= Hp+q(FpC/Fp+1C)
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Hp+q(Fp+1 C) —— Hp+q(FpC)

Hp+q+1(Fp+1 S H +q+1(ch)
HP qfl(ch/ p+1

HPp+a+2 (FP-H

HP1+2(FrC)
FU(FPC/FPHIC)

Hp“]“(FpC/FPHC)

It forms an exact couple. Actually, the spectral sequence coincides with what
we get in @ for » > 1 by tough diagram chasing. From the remarks below,
we see it also recovers the classic convergence @

3.7. In the case of modules, we may use the fact that

lim: O e (Mg B My B o) e lim M,

is exact. But in the case of modules, its dual
lim: CU727120%0 ¢ (B My B M) s Lim M,
is not exact (but left exact).

As a result, lim commutes with homology groups of complex. In particular,
if C' is some filtered complex,

lim H"(FPC) = H" (| F*O).

3.8. Simplicial Cohomology Let X be a CW complex. Denote X}, the union
of cells of dimension < k, and X_; = &. We have an long exact sequence

- — HM(X, X,) — H"(X, Xp—1) — HY (X, Xp—1) — -+
Then

D=@Dr, D= HPH(X, X,),
E=@Er, EP=HP (X, X, 1)
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forms an exact couple. The cohomology
H" = ligH”(X,Xp) = H"(X).
P

This exact couple is bounded below since for p > n, H"(X,X,) = 0. This
recovers [L.12.

3.9. K-theory Analogy The exact couple helps to understand “cohomology
theory” not computed by a complex, for example K-theory. The topological
K-theory has the same exact sequence for CW complex as above example,

e — KX, X)) — KX, Xp_1) — KX, Xpo1) — -+
When X is finite (i.e. built by finite cells),
EM = KX, X, 1) = KP*9(X).
We can prove
KPT(X,, X,_1) = K(pt)®»  f, = #{k-cells}

As a result, KP**(X,, X, 1) = H?"*(X,, X,_1) ® K*(pt). By direct compu-
tation, it coincides with the simplicial cohomology, so

EN! = HP(X,K%(pt)) = KP19(X).

This is a special case of Atiyah—Hirzebruch spectral sequences @

The proof
Proof of @ We can compute (under the notation in )

Bt =imd"Y = 0= (im k=)
= j (= (ker ")) = j(i7"(0)),
7Pt =kerd" V) = (Kr=D) " (ker ;1)
= (k=) (im i) = k717 (D)) N 2P,
= k7@ (D) Nk D) N ZY, = k(D) N 274,

== k71" (D)).

Thus
BY =, B =, "(0) =34(U,i"(0),
zr =, Zr =N, k1 ("(D) =k~ (N, i"(D))
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Denote the image of DPY in the HPt4 by DPY. Now we assume the exact
couple is bounded below, then

(i"()=0, | Ji™"(0) =ker[D — D].

Thus Z?4 = k~1(0) = ker k = im j. Now, consider the diagram

0

|

0 — ker mp_1 g1 —> pr—la+l _ T pp-lgtl .

| | |
| } y

0 ——— kermp, Dra u Dra 0
Bra VASS factors —— 0

The exactness of leftmost row. If = € kerm,,, with j(x) = 0, then z = i(y)
for some y € DP~14tL But z € kermy,y, = |, i77(0), so z € |J,i7"(0) =
ker mp_1 g+1. The rest exactness is clear. Q.E.D.

Proof of the claim in @ Consider

o _ 20 _K(T(D)
B = B = o)

Pick z mod (---) € EY? = HPTI(FPC/FPH1C), where x € FPC with dz €
FreiC,

zmod (---) € k7L(i"(D)) <= dz € imi" + im[FP+1C % FPH1C] (%)

= dz € FPHH1C +im[FrHic % Fric)
< x € d Y (FPT"TIC) + FPTIC.
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where (x) follows from the definition of connected morphism that k(z mod
(-++)) =dx € H(FPH1C).

y € ker[FPC 4 Fr(Y,
zmod (---) € j(i77(0)) <= 3y { i"(y) € im[FP~—"C % Fr—C],
x =y mod FPiC.
i"(y) € im[FP~7C % PPy,
x =y mod FPTI(C.
y € d(FP7"C),
x =y mod FPTI(C.
<z € d(FP~"C) + FPTIC.

<:>Hy{

— Jdy

%0 g FPHLC 4 a~Y(FPHHICY N FPC
" d—1(Fr+1(0)
Bra FPHIC + d(FP~"C)N FPC
" d(Fr+10)

coincides what we defined for filtered complex (where it starts from 0-th page).
The differntial is induced by d, thus the same.

Computations

3.10. If for each n, there is only one E?? # 0 with p+¢ = n, and the differential
is zero, then the nonzero term is H™.

3.11. If for each n, there is only two EP? # 0 with p + ¢ = n, then usually
we can get a long exact sequence involing H™. The direction goes as follows
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(under cohomological convention)

To be exact, it happens when there is no differentials between upper nonzero
terms.

3.12. In general, we only know a four term exact sequence just before achieving
the limit

E E E
LS
H. . .
S
N
E E E

3.13. First Five Terms If the spectral sequence lies in a corner, then we can
have the first five term exact sequence

0 0

~ E . E E
X
E E

EN EN

E
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Exercises

3.14. Write the long exact sequence for the spectral sequence whose Fs page
looks like

E03
E02
EOI

EOO ElO E20 E30

Answer 0 — E'9 — ' — g —» E20 g2  E92 ...,
3.15. Prove @

3.16. Rees system Historically, the following commutative diagram

D—— " D
NN
v
k J
F < « FE a » F

D

N
N
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where A’s all long exact sequences, is called a Rees system. It is easy to see
jok =7o0k. Show that the following diagram is also a Rees system

AN
\/\/

with the two A’s the derived couples, and o’ induced by «, 5’ by Bi~!, ' by
7.

3.17. Given the commutative diagram with each row exact, prove the exact-
ness of the sequence.

h
/gl\ 0= im f — img > imh — 0.
7 t . g
g 0—imf—img—imh — 0.

Remark These two short exact sequences are used in some literature to con-
struct spectral sequences from exact couples.
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4 Topology (1)

4.1. In this section, the coefficients of cohomology groups can be any com-
mutative ring, even we sometimes write Z. In this section, we assume all the
spaces appearing are paracompact (every open cover has a locally finite open
refinement) which admits partitions of unity. For example, manifolds, CW
complexes, algebraic varieties under complex topology.

Fibre Bundles

4.2.Fibre Bundle Let X and F be two topological spaces, consider £ =
E

X x F. Denote the projection m = [¢ ] . Note that at each point x € X, the
X
E

fibre 7=1(z) is a copy of F. We say [i } is a trivial fibre bundle with fibre
X

E

F'. In general, a map £ = [i] is said to be a fibre bundle with fibre F if
X

For each point z € X, there N c
exists an open neighborhood | U x F——=¢1(U) —=E

U, such that the restriction )
5_1(U) proj §|E_1(U) I3
ey = [% is a triv- U U . X

ial fibre bundle with fibre F'. -

We will say X is the base space, F is the total space, F is the fibre, and
denote E, = ¢71(x) for x € X the fibre at x. The isomorphism U x F —
E7Y(U) is called a local trialization.

The computation of cohomology of fibre bundles is very important to un-
derstand fibre bundles. Leray—Serre spectral sequence gives a tool to analyse
it. Before the statement, we firstly see two theorems on cohomology of fibre
bundles.

4.3. Kiinneth theorem For trivial bundle £ = X x F', two natural projections
71, T2 induce a ring homomorphism

H*(X)® H*(F) — H*(E), a®fr— mia— m.

When H*(F) is a free module (with respect to the coefficient), then this map
is an isomorphism.
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E
4.4, Leray—Hirsch theorem For a fibre bundle {i} with fibre F' with H*(F)
X

a free module (with respect to the coefficient), assume that
there is a linear lifting H*(F)
H*(F) — H*(E), such that
for any z € X, the restriction / i
of it gives an isomorphism to
H(F). H* (B, <— H*(B)

Denote 3 € H*(E) the lifting of 8 € H*(F). Then the H*(X)-module homo-

morphism
H*(X)@ H*(F) — H*(E), a®f—a—f

is an isomorphism.
Actually, it suffices to check the asserted property for an x from each
path-connected component of X.

4.5. Hopf Fibration Recall that the complex projective line CP! = C U {c0}
is the one-point compactification of C = R?, thus CP' = $? the Riemann
sphere. On the other hand, the natural map

S3 C R*NO0 = C?\0— CP! = §?
gives a fibre bundle with fibre S'. This fibre bundle is called the Hopf fibra-

tion. This is an example Leray—Hirsch theorem cannot analyse.

E
4.6. Leray—Serre Spectral Sequences Assume we have a fibre bundle [i]
X

with fibre F'. Then there exists a spectral sequence

BP9 = HP(X;HI(F)) = HPI(E)
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where H9(F') is the local system of cohomology of fibres (@) In particular,
when X is simply-connected, H9(F') = H?(F') is the constant coefficient.

A ) A )

po s e s
U o

A
¥ N e
q)g@*\ Q\\Q* 0\\9*

Y‘X \7k Y{L QL ‘:‘3 QL

* A -
60

Proof We can assume X is a CW complex by approximation. We can also
assume over each cell, the fibre bundle is trivial. Denote X, the union of
all cells of dimension < p. Denote E, the preimage of X,,. Now, we have a
filtraion on Sing®(E) by Sing®(E, E,). We can compute the associative graded
complex

gr Sing®(E) = Sing®* (Ep, Ep—1).

As a result, the spectral sequence
B = 744 Sing* By By) ) = HP (X, Xy0) 9 HO(F)

by relative Kiinneth theorem. We can check that the following diagram com-
mutes

HPH1(E,, By y) ———> HPV9(E,) —" s H7¥0) (B, )

| |

H? (X, Xpo1) @ HI(F) HP (X i1, X,) @ HI(F)

The up map is the differential for E; (since it is induced by d), and the below
map is the differential of the complex computing the simplicial cohomology of
local coefficient, see @) Thus,

EP? = HP(X;HI(F)) = HPT(X).
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The proof is complete. Q.E.D.

4.7.Local system Denote Map(AP, X) the set of all continuous maps from
the p-simplex AP to X. Recall

Sing,(X) = Z - Map(AP, X), Sing?(X) = Map (Map(A?, X), Z),

the space of formal combinations of nf with n € Z and f € Map(AP?, X) and
the space of assigning an ny € Z for each f € Map(AP, X).

A local system L is a functor II; (X) — Ab from fundamental groupoid
to the category of abelian groups. We can twist Sing”(X) by £

Sing,(X; L) := L - Map(AP, X), Sing?(X; L) := Map ( Map(AP?, X),L).

the space of formal combinations of nf with n € £, and f € Map(AP, X) and
the space of assigning an n; € £, for each f € Map(AP, X)), where x € X
corresponds to the centre of AP. We can define differential, by the straight line
joint the centre of each face to the centre of AP. This defines the cohomology
group of local coefficient H?(X; L).

We can also define simplicial cohomology group of local coefficient.
By the spectral sequence argument as in , it coincides with the singular
(above) one.

4.8. Let us analyse the Hopf fibration where

E3Y = HP(S?) @ HI(S") Z z
_Jz o e{0,2x {01} T~
0 otherwise ' Z Z

Since E = S2, we know the map is an isomorphism. Actually, the map
EY' = HY(F) — H*(X) = E3°
can be described, see .

4.9. Acyclic Cases We call a space X is acyclic if H(X) =0 for i > 1. For
example, a contractible space is acyclic. When the fibre F' is acyclic, then the
spectral sequence has only one row. Thus H"(E) = H"(X). When the base
space X is acyclic, then the spectral sequence has only one column. Thus
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4.10. Gysin Sequences A fibre bundle with fibre F' = S” is called a sphere

E
bundle. For a sphere bundle [¢ } , we have Gysin sequence
X

o — H"YX) — H"W(X) — H"""(B) — H"(X) — - -

X\$ \6 \%\ . X‘ﬂ \ﬁ\ Txx\jz\
n+r \
YX K$\ XxQU . X‘ﬂ \$§ Xx\jz\
w

More on Leray—Serre Spectral Sequences
4.11. Homological Version We also have homological version.
Ezzaq = HP(X5HQ(F)) = Hp+q(E)

where H4(F') is the local system of homology of fibres.

4.12. Functoriality We define the morphism between spectral sequences in
the obvious way, i.e. a morphism from (E,) to (E]) is a complex morphism
E, — E! for each r, such that E,y; — FE,;1 is induced by this morphism.
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E E
Then for a morphism of fibre bundles { 4 ] — {i }, namely commutative
X X

diagram, it induces a morphism of corresponding spectral sequences. This
follows from the approximation by cellular maps. On FEs, it is given by the
obvious one. Similar property holds for homology.

4.13. Multiplicative Structure A multiplicative structure over a spectral se-
quence (F,) is a complex morphism Tot(F, ® E,.) — E, for each r, such that
Tor(E,+1® Eyq1) — Ep11 is induced by this morphism. By the functoriality,
Serre—Leray spectral sequencee has a multiplicative structure (induced by the
diagonal map). On FEs, it is given by the obvious map

HP(X;HI(F)) @ HY (X;HY (F)) — HPP(X;HOH(F)).

ﬁa ®¢) @ (BR1Y) — (—1)Pa — B) ® (¢ — ) under Koszul convention

Similar property holds for homology, and cap product (after defining monoidal
structure for spectral sequences).

4.14. Gysin Sequence revised Recall the Gysin sequence .

e The map H" 1(X) — H"*"(X) is given by cup product by an element
in H™"1(X), called the Euler class. This follows from the existence of
multiplicative structure.

e The map H"*"(X) — H"*"(X) is given by the natural pull back.

e When X is compact and smooth, then H"*"(E) — H™(X) is given by

H" " (E) H"(X)
Poinc‘arél lpoincaré
duality duality

Hiimp—n—r(E) Haim x —n(X)

push forward

Since the Poincaré duality is given by a cap product.

4.15. Relative Version We also have relative version with respect to base
space
ES? = HP(X, Xo; HY(F)) = H"1I(E; Ey)
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with Ey the preimage of Xy; as well as to fibre
EY = HP(X; HY(F; Fy)) = HPT(E; Ep)
if Eg C E cuts each fibre by Fy C F' (an Fyp-distribution).
E
4.16. Thom Isomorphisms Consider the case [i} with fibre F' &2 R". Af-

X

E
ter one-point compactification at each fibre, we get an sphere bundle {i }

X
Denote oo the union of infinity points at each fibre. Since

Z

0, otherwise.

) n:T)

H™"(R" U {00}, ) = {

Then H™(X) = H"""(E, 00) where oo = {00} x X is the infinity section, the
union of all infinity points.

4.17. Transgression We can describe E®"~1 — ET0_ the so-called transgres-
sion. We have the following commutative diagram with three long rows exact

H™ (%) —— H"(X, %)
\

e S H™Y(X) H(X)— o ...

onr_ltransgression ETO / l
r

B 1 [ 5\ B

~ 7
H™"Y(F) —= H"(E, F

The middle square commutes by our construction. The rest part commutes

F E X E
by the functoriality of {i} — { J } , and [ + ] = | ] . The first row and the
* X X X

last row is the long exact sequence for the couple (E, F') and (B, ). Actually,
the map E%"~! — E'0 is also induced by the transgression between exact
complexes (the first and the last) introduced in (since it is induced by d).
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Exercises

E

4.18. Wang Sequences Let | | } be bundle over sphere with n # 0,1. Show
S’n,

that there is the following Wang sequence

<o = HY(E) - H"(F) — H"""(F) - H""Y(E) — - --

4.19. Recall the construction of Hopf fibration @ If we exchange C by quater-
nion H, we will get

ST C R°\0 = H?\0 — HP' = 5
whose fibre is S2. If we exchange by octonion Q, we will get
S C R6\0 = 02\0 — QP! = S8

whose fibre is S7. Draw the spectral sequence for them.
Answer:

Z Z

E
4.20. For a fibre bundle | | | whose fibre F' and bases space X both have

X
finite betti numbers, show that x(E) = x(X)x(F) where x(—) is the Euler
characteristic.
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5 Topology (II)

5.1. In this section, we take the same convention as the last section.

Eilenberg—Moore Spectral Sequences

E
5.2. Pull Back For a continuous map f : X — Y and a fibre bundle £ = {L} ,
Y

the pull back f*¢§ = blf with By = {(z,v) € X x E: f(z) = &(v)} forms a
X

fibre bundle over X. Intuitively, the fibre of f*£ at = is a copy of the fibre of
§at f(z).

We hope to say something on cohomology of Fy. For example, when ¢
satisfies the condition of Leray—Hirsch W.4, then so is f*£. In this case, it is
easy to show that H*(Ey) = H*(E) ®@pey)y H*(X) by the natural maps.

5.3. Eilenberg—Moore Spectral Sequences Consider the pull back of fibre
bundle
Ey —F

A

when X and Y are both simply connected, then there is a spectral sequence

EY = deg q part of Torl_{;(Y)(H°(E), H*(X)) = HPT(Ey).
Sketch of the proof We can assume X — Y is cellular map between CW
complexes. Let Yy, (resp. Xi) be the union of cells of Y (resp. X) of dimension
< k. We define E}, (resp. (Ef)x) to be the preimage of Yj, (resp. Xj). There
is a natural map
Sing®(X) ® Sing®(E) = Sing®(Ey)
Sing®(Y)

by taking product of pull backs.

Assume firstly that Sing®(X) is a projective Sing®(Y")-module, then in par-
ticular H(X) is a projective H (Y )-module. Applying the proof of Leray—Serre
spectral sequence E, we get a morphism of spectral sequence, and at the Es-
level, it is given by

H(X) ®u(y) H(Y; H(F)) — H(X; H(F)),
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which is an isomorphism. By comparison lemma @ below, the complex
Sing®(X) ® Sing®(E) computes H*(Ey). Then by a general fact of graded
Sing®(Y)

differential algebra,
H*(X) @peyy H*(E) — H*(Ey)

is an isomorphism.

But in general, Sing®(X) is not a projective Sing®(Y’)-module, we cannot
freely exchange H®(—) and tensor. Thus we need to take a projective resolu-
tion and finally use the spectral sequences for double complexes at the end.
To complete the proof, one needs to be careful about the indices. Q.E.D.

5.4. Comparison Lemma For a morphism of complex between two bounded
filtered complexes C' — D compatible with filtration, if the induced map
E, — E, is isomorphic for > 0, then C are quasi-isomorphic to D, (i.e. the
induced map H(C) — H(D) is an isomorphism).

5.5. For an differential algebra (C,d), and two differential C-algebras D, FE,
if D is projective over C, then

H(D @c E) = H(D) ®p () H(E).

Cartan—Leray Spectral Sequences

=

5.6. Cartan—Leray Spectral Sequences Let m = [i} be a normal (Galois)

>

covering, that is, the discrete group G = Autx(m) acts freely on E, and
X = E/G. There is a spectral sequence

B} = HP(G; HY(E)) = HP(X),

Here HP(G; —) is the group cohomology.

Proof Let us assume X is a CW complex with each cells locally trivial. This
equips ' a CW complex structure. If we denote C*® the complex computing
simplicial cohomology, we have (C _— C%. Since the action is free, so each
C%. is a co-induced Z[G]-module () Pick a Z[G]-resolution of P — Z.
Then use the double complexes Homeg (P,,Cy,). On one hand
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de & _

o0 0"“*; \?*L; NS (CE)© H*(X)

Y S Y T
R )

ST e (CE) H'(X)
o Q{0 {0
TR e |

AP (D= (P (cy)° HY(X)
QN Qo g

Note that H°(G; X) = X%, and when X is a free Z[G]-module, H(G; K) = 0
for ¢ > 0. On the other hand,

& @ 6“\@\ NP LB L@ @)
%@o\?lo@ @X\;oﬁ“ & BN v Y% 0 & \?Q &
't o SO ,,
Q&oxo&?c\;@x&\c‘@;o& A IRy Pela :oo\?% oG @Q & &0 ¢
-8 () pate) ~A8O ~
R A S R A \@D o @)
B e I NS P O
Qo \Xoao @ ‘506\6 «3»0‘“6 ‘2\0‘00 & AR
which is exactly the spectral sequence asserted. Q.E.D.

Atiyah—Hirzebruch Spectral Sequences
5.7. We denote the topological K-theory by K?(—). Note that ¢ can be neg-
ative.

5.8. Atiyah—Hirzebruch Spectral Sequence Assume we have a fibre bundle

E
[i] with fibre . When X is finite (i.e. built by finite cells), there exists a
X

spectral sequence
B} = HP(X;KY(F)) = K""9(E)

where K4(F') is the local system of K-theory of fibres (@)
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Proof We have
o — KB, Ey) — K"(E,Ep1) — K"(Ep, Ep—1) — -+

Then
EY = Kp+q(Ep, Ep 1) = KPH(X).

‘We can prove
Kp+q(Epa Ep—l) = Hp(Xpa Xp—l) ® KU(F).

Actually, this follows from the fact that (X,, X,—_1) is the suspension of dis-
crete points. By direct computation as in the proof §.6, it coincides with the
simplicial cohomology, so

EPY = HP(X,K(F)) = KP*(X).

Finally, we need X to be finite to ensure the convergence. Q.E.D.

5.9. In particular, as we see before,
HP(X;K9(pt)) = K"H1(X).

Let us take K to be the complex K-theory which is periodic K¢ = K92 by
Bott periodicity theorem. Note that

Ko (pt) =2, K*M(pt) =0
So the nontrivial spectral sequence starts from F3, and looks like

SONON NN

70 N \70‘ \“\ﬂa 70& N 76“&6 Qo‘\6 QS\

FRGOCO

Postnikov Tower

E
5.10. Long Exact Sequence for Homotopy Groups For a fibre bundle [i]
B

with fibre F', we have a long exact sequence for homotopy group

—)’/Tk(F) —)Wk(E) —)Wk(B) —)’Nk,l(F) —_—
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5.11. Eilenberg—MacLane Spaces Recall the Eilenberg—MacLane space
K(G,n) for abelian group G and n > 0 is defined to be the only space with
the property

G n=p

0 otherwise

mp(K(G,n)) = {

e Firstly
K -1
QK(G,n){ (G,n—1) n>0,
pt n=>0
where 2 is the pointed loop space.

EK(Gn+1)
e Thus we can consider the fibre bundle { + } whose fibre is QK (G, n+
K(G,n+1)
1) = K(G,n), where E the space of pointed path space which is always
contractible.

e Secondly, by Hurewicz theorem,

7 o 1 --- n—1 n n+1 n+2
H,(K(G,n)|Z 0 0 G ?

By the universal coefficient theorem , H"(K(G,n);G) =G -idg.
o Actually, K(G,n) presents the functor H"(—, G), i.e. we have a bijection
©(X,K(G,n)) = H'(X;G),

natural in X, where 7(—, —) = Map(—, f)/Homotopy is the homotopy
classes of maps. To be precise,

For any o € H"(X;G), it is pull back of idg by some map
X — K(G,n).

5.12. Postnikov Approximation There is a standard trick of “dévissage”. We
can construct the Postnikov approximation
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such that

For any k, m;(X%) = 0 for ¢ >
k and m;(X) — m(Xg) is an
isomorphism for i < k; each
X — Xj_1 is a fibration with
fibre K (7, (X), k).

o ! T
Xo | mo(X) 0
X1 | mo(X) m(X) 0
Xo | mo(X) m(X) ma(X)

Fibration (map satisfying homotopy lifting property) is the topological gen-
eralization of fibre bundle where we also have Leray—Serre spectral sequence
and long exact sequence of homotopy groups.

5.13.

Here lists some examples of Eilenberg-MacLane Spaces

e For any group, K(G,0) = G with discrete topology.

long exact sequence of fibre [

oo

CPe

By direct computation, S = K(Z,1).

Note that (C*)\ 0 ~ S is a contractible CW complex, then using the

|

we see CP> = K(Z,2).

e Similarly, the infinite lens space S>/C,, is K(Z/m,1), where C,, =

{zeC:2m=1} C St CC*.

5.14. Consider the case X = 52, then Xy = X; = X» is just a point, Consider

X

the fibration [ f] with fibre K (14(S%), 4).

X3

Note that X3 = K(Z,3).

By the construction of Xy, it is
obtained by attaching cells of dimen-
sion > 6 over X = S3 (to clean up
homotopy group m>5). Thus we have
H*(X,) = H%(X4) = 0. Note that

X5 = K(Z,3), thus

7T4(S3) =

H5(X3) = H5(K(Z,3)).

PRCA R
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EK(Z,3)
Consider the fibre bundle { { ] whose fibre is K(Z,2) = CP* (the com-
K(Z.3
putation of its cohomology, see g) Note that E., = 0 except E% = Z since
EK(Z,3) is contractible.

By contractiblity of FK(Z,3), .
Z H? 0 0
we can conclude the exactness
of most positions marked in the 0 o~ o 0 0 0 0
diagram. o
. . 2HS

Assume the image of H is 7 10 0 N\ 7
S under the below d. Then N
by the multiplicative structure,
the upper d is given by H? — 0 0 d 0 NO 0 0 0 5

2\ . c Q)
d(H) = 2HS. Thus the up d 7z o o > 5,04 Q&(ﬂ”%&(ﬂ»b\
is injective. @ X’* 9

Furthermore,

HY(K(Z,3)) = H(K(Z,3)) =0  H®(K(Z,3))=17Z/2.

Finally, by universal coefficient theorem , H5(K(Z),3) = Z/2. Thus we
can conclude that m,(S3) = Z/2.

Adams Spectral Sequences
5.15. Steenrod Algebra The Steenrod Algebra

AL =1im |- <= 7(K(G,n), K(G,n+e)) ¢— ] = lim H"**(K (G, n); G).
It acts on H*(—,G) = w(—, K(G,*)), and commutes with the connection
homomorphism J in any long exact sequence. We denote A, the Steenrod
Algebra for Z/p. Actually, it is generated by known cohomology operations,

say Steenrod squares and Bockstein homomorphism (not necessary if
p=2).

5.16. Stable Homotopy Group For a space X, define the stable homotopy
group

. b b
T (X) =l |- = (57 X) =

where ¥ is the pointed suspension.
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5.17. Adams Spectral Sequences For a connected CW-complex X of finite
type (finite cells for each dimension), there is a spectral sequence

E$? = degree g part of Ext},(H*(X),Z/p) => 73

p+q(X) ® Lp),

where Z, is the ring of p-adic integers, and H* (X) = H*(X,pt) the reduced
cohomology group.
Remarks Before sketching the proof, I would like to give two remarks.

e We know cohomology groups commutes with suspension, and homotopy
groups commutes with looping, i.e. for pointed space X,

H N (2N X;F,) = H*(X;F,), Te (VX)) = mey v (X).

e Adams spectral sequence is to relation cohomology and homotopy group,
so at least we need to find some space we know both cohomology and ho-
motopy groups well (at least at the stable level). Our choice is K(Z/p, n),
since we know

lim H*(K(Z/p,*) = Ay, 7a(K(Z/p,%)) = 5.—sZ/p.

Sketch of the proof Let us forget about the grading to see the main idea.
From the isomorphism

H*(X;Z/p) = 7(X,K(Z/p,e)).
we can construct the pull back X (1) from the diagram

X(1) — 1L EK(Z/p,?)

l l fibre :HK(Z/}L?—l).
X [ K(2/p.?) ’
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If we replace X by LN X for sufficiently large N, the spectral sequence of

X(1)
[ d } looks like
X

Z o - 0 0

The arrows not touching the northeast block are all surjective (not obviously,
this is due to functorialty of Leray—Serre spectral sequences and our construc-
tioin). If we can “take N — o0”, we will get

0+— H(X)+— Jim EBH (Z/p)) +— H(X (1)) +— 0.

The middle term is a free Aj,-module P. We also have long exact sequence of
homotopy groups

— (X —>@ K(Z/p)) (X)) — -
The middle term of homotopy sequence is exactly Homy , (P, Z/p). Continuing
this process, we will get a tower
— X(2) — X(1) — X(0) = X.

Each X (i) — X(i—1) gives a cohomology sequence and a homotopy sequence.
This corresponds to a free Ap-resolution P — H(X). Then use the exact
couple B.§, we get

E7? = degree q part of Homas (P;,Z/p).
Note that the differential is exactly induced by P. So
E$? = degree g part of Ext},(H*(X),Z/p).

To ensure the convergence, we need to tensor with Z,). Q.E.D.
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Exercises

5.18. Prove the comparison lemma @

5.19. Deduct from the Hopf fibration @ that 7 (S?) = 74 (S5?) for k > 3.

T T9 T3 i

Stz o0 0 o0

S2 Z 7 7J)2
S3 Z 7)2
sS4 Z

Actually, by Freudenthal suspension theorem, 7,1(S™) = Z/2 for n > 3.
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6 Algebra (1)

Hypercohomology

6.1. A complex C is said to be split if it is isomorphic to a direct sum of two
kinds of complexes

i — 00— C—0—--- e 00— C L 00—

Note that in this case
i C/kerd = ...
e
H(C)
N e
C/kerd ——imd
)

Q
1%

H(C)
N &
C/kerd ———imd
52

H(C)
®

6.2. Hyper-resolution Let C be a complex, we can find a double complex I
and a morphism C — I where C' is viewed as a double complex C' supported
in (0, x) such that for any p, the complex (IP*,d(q,1)) is split, and itself, as well
as H* ker, cok,im form injective resolutions of the counterparts of C, say, for
any g,

C1 —s [0
Hq(c7 d) — Hq(I7d(0,l))

d d(o,1)
ker[C9 — CUH] — ker[I*1 —= I*9H] 16 all injective resolutions

]
cok[C9 L5 oY)y cok[1% WY [e.at]
]

d
im[C9 L5 CTH] — im[19 " et
We call such double complex a hyper-resolution.
Proof The existence more of less follows from definition of cohomology EI

Firstly, find an injective resolution for H(C) and imd; then we can get a
resolution for ker d by horseshoe lemma on 0 — imd — kerd — H(C) — 0;
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then we can get a resolution for C' by horseshoe lemma again on 0 — kerd —
C — imd — 0. Lastly, it is easy to check that the condition on cok follows
automatically. Q.E.D.

!, i i i

c;r“\ Ioi+1 . Ili_l,_l Iz,t-i-l
?\\ﬁi 1l A
cir‘l\ Ioi—l . [1,1:_1 Izj_l
CF\ 1072—2 . [1,1:_1 ]zj_z

oot

Kiinneth Spectral Sequences

6.3. For a hyper-resolution C' — I, the induced map C — Tot I is a quasi-
isomorphism (i.e. inducing isomorphism on cohomology). This facts follows
from a common usage of spectral sequence, which is left as an exercise.

6.4. Hyper-derived Functors For a left exact functor F'. We define the hyper-
derived functor R'F on lower bounded complexe C (i.e. C? = 0 for p < 0)
as follows. We can find a quasi-isomorphism C — I with each I’ injective
(the existence is established above). We define

R'F(C) = H(F(I)).

Note that different choice of I does not affect R*F(C).
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6.5. For the readers who are familiar with the derived category D(—), this
diagram probably helps

R'F

A5 D) BE pi) S B

=RiF
6.6. Kiinneth Spectral Sequences For a left exact functor F', and C a lower
bounded complex, there is a spectral sequence
P = RPF(HY(C)) = RFTIF(C).
Proof Let us pick a hyper-resolution C' — I. Then the cohomology Tot F'(I)
is by definition RPT1F(C).

&N o \C\\ x> \U\\ x> W\\

AR AN IAT 20
Y\Q ?‘on»?\x ij QY Y/\Xq Y{Lq g\\:‘ *\K 'L?Q/X
i e T
PN e e Q) @& @
g\/ﬁ g\ﬁ gk i\ g\ «3\& g\ \ \?\6 N
A A s o
AT \\ \@\ @\\
PPN L 9 & :
(IS AN ¢ FAGERIN o ot ?3\3@

where H = H(I,d(;)). The computation holds since the complex splits.
Note that
RIA = HYC)— HI(I)=H*

is assumed to be an injective resolution. Q.E.D.

6.7. Another direction in @ Under the setting of @, another direction gives
spectral sequence

EPM = HP(RIFC®,d) = Rp+qF(C).

MY g o) x>
APV (oA
g\w Yﬂ «30,? ”'9 W ﬂ\f\
X‘\,/\\ ‘w\ ) Oﬁ @ )
gk‘,ﬁ \E\¢ €Q¢ *‘3 W €&
w”\ oY )

X 9\ o
SN e \E\O g\o
In particular, when each C? is F-acyclic, H'(F(C)) = R'F(C), a complex

version of .
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6.8. More general, there would be some functor sending complex to complex
(for example, Tot(— ® C*)), there is also a spectral sequence to control them
under some condition, see for example [6.25.

6.9. Classic Kiinneth Spectral Sequences Let C* a bounded complex with
each C? flat. There exists a spectral sequence

BB = Tor_,(HY(C*), M) = H"1(C* @ M).

Let C* a bounded complex with each C? projective. There exists a spectral
sequence

BP9 = Bxt? (H~9(C*), M) = H_,_,(Hom(C*, M)).

6.10. Universal Coefficient Theorem Assume that in C*®, each C and imd
are both flat (respectively, projective). The short exact sequence

0 — kerd — C — imd — 0
shows that ker d is also flat (respectively, projective). The short exact sequence
0 — imd — kerd — H(C) — 0
shows that Tor;(H(C'),—) = 0 for ¢ > 2. Thus we get a short exact sequence
0— HY(C)® M — HY(C ® M) — Tor(H™(C), M) — 0.

0 — Ext(HI™(C), M)®M — H?(Hom(C, M)) — Hom(H?(C), M) — 0.

A ! W W
o Q) AO® OV 2O
8 o N \Y‘ N \YX
L RN o

HYC*® M) H,(Hom(C, M))
) N 5 N&\\ W

q \O\ ? N @ » o> \O\ ’ e \O\ ’

N a© B 9
<N X X
i 2o® o

Assume that in C*®, each C' and imd are both projective. Then kerd is a
direct summand of C', thus kerd ® M is a direct summand of C' ® M, from
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the diagram

———=imdOM ———kerd®@ M

|

0 ——im(d®idy) —=ker(d®idy) —= H{CQ® M) ——=0

QM —0

H(C

i
|

the middle map splits, and thus the last map. Similarly, the sequence for Ext
splits.

6.11. Universal Coefficient Theorem This gives the universal coefficient
theorem in topology

0 — HYX;Z)® R — HY(X;R) — Tor(H"™(X;Z),R) — 0.

0 — Hy(X;Z)® R — Hy(X;R) — Tor(H, 1(X;Z),R) — 0.
0 — Ext(H,—1(X;Z),M) — HY(X; M) — Hom(H,(X;Z), M) — 0.
0 — Ext(HI(X;Z), M) — Hy(X; M) — Hom(H(X;Z), M) — 0.

Auslander—Reiten Theory

6.12. Transpose For a finitely presented left module M over some ring R.
Define the right module by M* = Homg (M, R). Pick a projective resolution

PP —>M—=0
Define the transpose Tr M by the right module satisfying the exact sequence

0—>M"— P - P —->TrM — 0.

6.13. Theorem Let N be a right R-module. We have a four-term exact se-
quence

0 — Exthop (Tt M, N) = N@gM — Hompor (M*, N) — ExtFep (Tt M, N) — 0

In particular, M is reflexible i.e. M = (M*)* by the natural map if and only
Exthop (Tr M, R°P) =0 for i = 1,2.
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Proof Apply Homper(—, N) to the two-term exact sequence Py — Py, then
by 6.6, the following spectral sequence converges to the cohomology of

Hompor (P;, N) — Homper (P, N)
~N@rPy =N@RrPy
i.e. Hompos (Tr M, N) and N @ M.

Hom gop (Tr M, N®Q®rM 0 0 ) 0 )
DR N N N N

| i i |8 |8
ST T e e e
\XO‘O@ @Mﬁ’ @,5?5’ Q)@?»" @15 %
This reads the computation in the theorem. Q.E.D.

6.14. Stable Hom For two left modules M, N of some ring R. We define the
stable Hom

Hompg (M, N)
{M — P — N : for some projective P}

Homp(M,N) =

6.15. Theorem Let N be a right R-module. Then
Hom (M, N) = Torf(Tr M, N)

Proof Applying — ® N, we see homology of
Pg ®rN — Pf®rN
N—— N——
~Hompg(Py,N) >~Hompg (P1,N)

is Ext'(M,N) and Tr M ® N.

“\
ompg (M,
NX« w X\mﬂ \
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Note that for any surjective P - N,
Hom (M, N) = cok [Homp (M, P) — Homp (M, N)].

This factors through the surjection Hom(M,P) = M*®@ P — M* ® N.
Q.E.D.

6.16. Actually, we get a four-term exact sequence
0 — TorX(Tr M,N) — M* @ N — Hompg(M, N) — Tor{(Tr M, N) — 0.
6.17. Further more, if R and M, N are all finite-dimensional over a field k,
then we can define a functor
D = Homg(—, k) : R-mod — mod-R

where mod stands the finite-dimensional module. Note that

DHomg(M,N)=DN & M, D(M* ® N) = Hompgoe» (M*, DN).
This sets a duality between two four-term exact sequences, thus we have

Homp (M, N) = D Exthe, (Tr M, DN) = D Exty(N, D Tr M).

This is known as Auslander—Reiten formula. The functor D Tr is called
Auslander—Reiten translation. It can be understood as a generalized Serre
functor. We can similarly define Hom by factoring all morphisms through
injective modules. We have the dual version of Auslander—Reiten formula,

DHomp(M, N) = Extk(Tr DN, M).

Tilting Modules

6.18. Tilting Modules Let T be a module over an Noetherian R-module. We
say T is a tilting module if

o Ext'(T,—) =0 for all i > 2.
e Ext!(T,T) = 0, and the tiled algebra S = Endg(T)°P is Noetherian.
e We have a short exact sequence

0 —R—Ty — T —0

where Ty, Ty € add T, the sets of direct summannds of T®" for some n.
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Now we have a pair of adjoint funtors

Hompg(T,—)

R-Mod S-Mod

T®s—

6.19. R2-module Side We have

e For any Ty € add T, Hompg(T,Tp) € add S, i.e. finitely generated pro-
jective S-modules. Moreover,

T ®s Hompg (T, Ty) = T, Ext3' (T, Ty) = To.

e For any finitely generated R-module M, we can find an add T-complex
@ such that Hompg(T, Q) computes Ext’z (T, M). Moreover,

ExtZ*(T, M) = 0.

Proof For any finitely generated R-module M, we can exchange free R-
resolution into add T-resolution as follows

-2 -1 0 1
. S T;en(g) S Tz@n(z) S T2@"(1)

Q: o >I o wl o _7

P: .5 ROB) 5 ROn(2) _, RpOn(1)

To be exact,
e the map Tlean(i) — Tf"(i) is the surjective map with kernel R™(*):

e the map Tlean(i) — Tan(i*l) is given by lifting R®"() — R®"(-1)  We

can do so since Extl(Tzean(i), Tl@"(i_l)) =0;
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e the map TZ@"(O — Tg@"(i_l) is the induced one;

e the map T;en(iﬂ) — Tan(i_l) is induced by Tl@n(iH) — Tl@n(i) —
Tl@n(ifl).

Finally, add a minus on all the maps from 5™ — p@even apq ponleven) _,
T;e‘)dd. It is clear that P — @ is injective. Its cokernel is

—2 -1 0 1

@ @
. Ti@n(?)) TQGBn(2) TQ@n(l)

Q/P:

which is trivially exact. Thus we get Q < P — M, they are both quasi-
isomorphic. We know that elements in add T" is Hompg (7T, —)-acyclic, thus

H'(Homp(T,Q)) = R'Hom(T, P) = Ext’% (T, M).

Thus @ is the desired add T complex. Q.E.D.

6.20. S-module Side We have

e For any P € add S, i.e. finitely generated projective S-modules. T ®g
P € add T, Moreover,

Homp(T,T ®s P) =P,  Tor3,(T,P)=0.

e For any finitely generated S-module N, we can find a add S-complex
P such that T ®g P computes Tor? (T, N) (say, projective resolution).
Moreover,

TorS,(T, N) = 0.

Proof Apply Hompg(—,T) on the short exact sequence, we know

0 — Homp(T>,T) — Hompg(Ty,T) — T — 0.

This shows that the right S-module T is finitely generated of projective di-
mension < 1. Q.E.D.
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6.21. Brenner—Butler Theorem We have (in the category of finitely generated

modules)
T(T) = ker[Bxth(T, —) = im[T @5 ),
F(T):= ker[Hompg(T, —)] = im[Torg (T, —)],
X(T) = ker[T ®g —] = im[ExtL(T, —)],
Y(T) := ker[Torg(T, —)] = im[Hompg(T, —)].

We have the following equivalence of categories

T®S7 TOrs(T,—)
yIr) —— T7(T), XT) —— F(T)
Hompg(T,—) EXt}{(T’*)

For each finitely generated R-module M, there is a unique, functorial short
exact sequence
0 —t(M) — M — f(M)—0

with ¢(M) € T(T) and f(M) € F(T). For each finitely generated S-module
N, there is a unique, functorial short exact sequence

00— z(N)— N —y(N)—0
with (M) € X(T) and y(M) € Y(T).
Proof For an R-module M, take @ the addT-complex with Homp (T, Q)

computing Ext’},—i(T, M). We can apply the Kiinneth spectral sequence on
Hom(T, Q) and functor T ®g —. Then its spectral sequence

go?

In fact, T ®g Homp(T, Q) = Q whose cohomology is exactly M centered in
the degree 0. In this special case, the spectral sequence converges, since only
above four terms survive.

0 — T ®g Homp(T, M) — M — Tork(T, Ext (T, M)) — 0.
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and
Tory (T, Hompg(T, M)) = 0 = T ®g Exth(T, M).

Similarly,

We get short exact sequence
0 — Exth (T, Tory (T, M)) — N — Hompg(T,T ®s N)) — 0.

and
Extgr(T,T ®s N) = 0 = Homp/(T, Tors(T, N)).

The rest statements can be derived from the above functorial short exact
sequence and vanishing condition. Q.E.D.

Exercises
6.22. Prove b.4.

6.23. Prove that for hyper-resolution C' — I, the induced map C' — Tot I is
a quasi-isomorphism as claimed in (.3

6.24. Prove the classic Kuinneth spectral sequences @ by picking a resolution
for M.

Hint Pick a resolution P — M. Then C ® P forms a double complex,

P2 Py Do ! A
o %?(x 6%‘?& @ O“X}@ ‘Qx* \G o)
U A gprsa
Oa@ 5‘@ Go,@ Oq@ ﬂQ\O N
PP P et R\
o &?x @?x D W D x\o @
(GG G o7
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Here we use the fact that C? are all flat. On the other hand,
W W
@ 3

? ? ?Q x\\o\ x*\G\ A
pemelie’ O %@ =0 PRI\ g
O G O } ‘/(\\«O ) 1
4?1 o %g o7 s’x oV OIS N
e (OO RO @V @Y O
Moot ot oo B W 1y R 2 G
Lot et et ERP S < S
@ ¢ ¢ A0 ﬁ\O\ ﬁ\G\ A0 A0 @
gt . . A0

@OQ'L\YX (go'i\/\ 60’

6.25. Kiinneth Spectral Sequences Let C* a bounded complex with each C?
flat. Prove that there exists a spectral sequence

EY = B Tor_,(H*(C), H'(M)) = H"*(Tor(C ® M)).
s+t=q

Hint We can find a (projective) hyper-resolution P — M. Then let us com-
pute
Tot K, Ky =TotC* @ Py

We can compute that

X ) . 1 \\\
" @j; Ge@w & o™ « o>
@qx* & e ) o o @O
X" %; X0 | > 0
¢l o ¢ o
D B 2 @&
% % W (N 0
ol el N ol ot
¢ ¢ O g O
QQX ®,QX X & o <& . Q
o v Lo X Bo ® S o "
s @?A& 5 @?Q O\@ G\@ &7 So\w [ @
O O ‘/f\ *_ﬁf\ Q/f& R O
Q” Qé"’ X X . <o jul
X o an? ; 5)@’/’ > Q&Q X”%X

6.26. Let T be a tilting module. Show that 7(T)*= GenT the category of
modules which can be written as a quotient of TP,
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7 Algebra (1)

Grothendieck Spectral Sequences

7.1. Let A, B and C be three categories with enough injectives. Consider two
left exact functors F' and G

Assume for any injective object
\ / Iin A, F(I) is G-acyclic, that (%)
F ¢ is R'G(FI) =0 for i > 1.

In terms of derived category, RGoRF = R(G o F).

Tip Assume a class of objects J C A is both G o F-acyclic and F-acyclic,
such that for any A € A there is an injection A — J for J € J. Then any
injective objective is a direct summand of J for some J € J. Thus it suffices
to check the conditioin for I in J.

7.2. Grothendieck Spectral Sequences Under the assumption of (x), for any
A € A, we have a spectral sequence

B} = RPG(RF(A)) = (R"(G o F))(A).

Proof Pick an injective resolution A — I, and apply the Kinneth spectral
sequence @ to F(I). But to prove them directly is not hard. Find a hyper-
resolution for F(I) — J. Let us compute the cohomology of the double
complex G(J).
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Here we use the assumption that F'(I7) are all G-acyclic. One the other hand,

D (D

| T ol NS QNN
W) R R o e e

SIS S D) W X\gt@\ﬂb\\

ded gd T LR S UTIAR:
! oV & @G
O 40N g0 = -

QG:L @:\) 20 N N
SO Uy el Q) G@@Q g >
R

where H = H(J,d1)), this computation follows from the fact JP® splits.
Note that
RIA = HY(F(I)) — HI(J) = H*

is assumed to be an injective resolution. Q.E.D.

7.3. First Five Terms As suggested , we have the first five terms

7.4. Actually, from the proof of the Grothendieck spectral sequences, we have
a spectral sequence

EYY = RPG(RIF(C)) = HP*(RG o RF(C))

for a lower bounded complex C. Here RF is the derived functor over derived
category. The conditions in () are just to ensure HPT¢(RG o RG(A)) =
RPTI(G o F)(A).
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7.5. Change of Ring Let A 5 B be a ring homomorphism. Let M be an A
module, N be a B module (left or right indicated by notations).

A-Mod ———

\ / E2 —Tor (Tor (M,B),N) :>T0rp+q(M,N)
—®aB ®BN

B°P-Mod

A-Mod YEA~ o

\ / EZ, —Tor (N, Tor (B, M))ﬁTorp_,_q(N,M)
B®a— N®p—

B-Mod

Hom 4 (

A-Mod ———

Ab°P
EY? = Extl(Tor? (B, M), N) = Tor” (N, M)
B®a— Homp(—,N)
B-Mod

A-Mo gomA(N

E?? = Exth (N, ExtY (B, M)) = Ext (N, M)
Hom (B,—) Homp (N
B-Mod

7.6. Local Hom Recall the local Hom Hom x (F,G) for two sheaves F, G over
X. We can define &xt'(F, G) as derived functor of the second variable G. Then
we have sepctral sequence

BT = HP (X, Ent?(F,G)) = Ext?T(F,G).

A similar result holds for coherent sheaves over scheme X.
This comes from the Grothendieck spectral sequence on I'(X, Hom x (F, —)) =
Homx (F,—). By definition, Hom x (F, e) is flabby if e is.

7.7. Tilting modules From the point view of derived category, titling module
sets an equivalence of derived category, when the projective dimension of R is
finite, we have

R Hompg(T,—)

D(R-Mod) D(S-Mod)

TRE—
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Then we can apply Grothendieck spectral sequence on

D(R-Mod) 9~ D(R-Mod) ~ D(S-Mod) —9> D(S-Mod)
R Hompg(T, \ /®S T®S\ AHomR(T -)
D(S-Mod) D(R-Mod)

We will immediately get the spectral sequences in the proof of .

Group Cohomology

7.8. Group cohomology Let G be a disrecte group, and M a Z[G]-module,
we define

M® =Homg(Z, M) = {m e G :"9% gm = m},
Mg =Z®cM=M/(gm—m:ge€QqG).

where Z = Z,; with trivial G-action. We call their derived functors by group
(co)homology

H"(G; M) = Ext&(Z; M), H,(G; M) = Tor(Z; M).

7.9. Group cohomology enough For two G modules M, N, Hom(M, N) is
also a G-module by (gf)(m) = gf(g~'m); M ® N is also a G-module by
g(m®mn) =gm® gn. So

Homg (M, N) = Hom(M,N)¢, M ®cN=(M®N)g.
More general,

Ext?(M,N) = H"(G;Hom(M, N)),  TorS(M,N) = H,(G; M ® N).

7.10. When M is free Z|G]-module, then
Hom(M, N) = Hom(M, Ny,i), M@N=2M® Ny
where N, is the abelian group N but with trivial G-action. Note that this

does not mean H"(G;N) = H"(G; Ny), since above isomorphism is not
natural in M.
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7.11. Shapiro Lemma Let H be a subgroup of a discrete group G and M a
Z[H]-module. Then

H™(G; MAYG) = H"(H; M),  H,(G; M1§) = H,(H; M),
where

MAS .= Homy (Z[G], M),  M1$ :=Z|G] @y M.

Proof Let P, — Z be a Z|G]-projective resolution. Then it is also an Z[H]-
projective resolution. Then

H™(G; MAG) = H"(Homg(P,, Homp (Z[G], M)))
= H"(Hompy (P, M)) = H"(H; M).

H, (G M1G) = Ho(Po ®¢ ZIG] @y M))
=H,(Pe®y M)=H,(H; M).

Actually, this can also be seen from the fact both sides are derived functor of

Homg(Z, —1$) = Homg(Z, Homy (Z[G), —)) = Hompg (Z, —)
Z®c 1% =ZQ®cZGl®y —=ZQy —

We need to use the fact ﬂg and Tg are exact. Q.E.D.

7.12. (Co)induced GG-module In particular, when H is the trivial subgroup.
Then the coinduced and induced G-modules

MAC = Homg(Z[G], M), M1 = Z|G] @z M,
are G-(co)cyclic. That is, for n > 1
H™(GsMAS) =0, Ha(G;M19) =0
7.13. For a Z|G]-projective resolution Py — Z.
e For a subgroup H, P, — Z is also a Z[H|-projective resolution.

e For a normal subgroup N, (P,)y — Z is a Z|G/N]-projective resolution.

7.14. Restriction For a subgroup H C G, we can define (co)restriction
H™(G; M) =% H™(H; M), H,(H; M) % H,(G; M).

It is induced by
M%< M7, My — M.
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7.15. Inflation For a normal subgroup N C G, we can define (co)inflation
H™(G/N; M) 25 q(G; M), Ho (G M) 2% H,(G/N; My).
It is induced by

(MM)EIN =M%, Mg = (Mn)c/n-

7.16. Hochschild Spectral Sequences Let G be a discrete group, and N be
a normal subgroup. For any G-module M, there a spectral sequence

EY = HP(G/N; HY(N; M)) = HP™(G; M).
El, = Hy(G/N;Hy(N; M)) => Hpyq(G; M).

Proof Note that

G-Mod )

G
Ab
k Afj\r

G/N-Mod

Firstly, the derived functor of (=) coincides with H(N;—) (this is not triv-
ial), since a projective Z[G]-module is also a projective Z[N]-module, thus the
computation of cohomology is the same.

Secondly, we see that any G-module M admits an injective G-map to
coinduced module M — Homy(Z[G], M), and coinduced G-modules are also

coinduced N-modules. Thus coinduced module is enough to compute the
HY(G;—) and H(N;—). Now

Homyz(Z[G], M)N = Homy (Z,Homz(Z[G], M))
= Homy(Z|G) ®n Z, M) = Homg(Z|G/N], M)

is also coinduced. Thus we can apply the Grothendieck spectral sequence E
For homology, we can argue similarly, for any G-module M, we have a
surjective G-map Z[G|®zM — M. The details are left to readers. Q.E.D.
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7.17. First Five Terms In particular, we have the first five term sequence

0 — HY(G/N; MN) 2w HY(G; M) —"% H'(N; M)S/N ﬁ/

.

a

C—> H2(G/N; MN) 2L o 52(G; M)

77

77

Hy(G; M) —2% Hy(G/N; My) ﬂ

-

<—>H1(N§M)G/NCO£>H1(G; M) — [, (G/N; My) —= 0

N N RN i
G N N
M 6& \G \$ 1 ?;7« \G \$ \
0 0 e’

7.18. Equivariant Cohomology Geometrically,
H™(G:;Z) = H"(K(G,1)),  Hn(G;Z) = H,(K(G,1)).

Slightly generally, for a G-module M, it induced a local system M over
K(G,1), actually, H"(G; M) = H"(K(G,1); M).
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In general, for continuous group G, we should replace K(G,1) by the
classifying space BG = EG/G constructed by Milnor. For any G-space X,
and an equivariant sheaf F over X, it induces a sheaf Fg over the Borel
construction FG xg X. We define equivariant cohomology

HAH(X; F)=H*(EG x¢g X; Fa).
By @ there is a spectral sequence
EY = HP(BG; HY(X; F)) = HE (X F).
Note that the group cohomology is the case when G is discrete and X is a

point.

7.19. Bar resolution For any G-module M, there is a standard free resolution
P, = N where P, = (Z[G]®*" @ N )TG with differentials given by

9091(g2| - - |19n|33) _
P, — P, go(g1] - - lgnlz) — +300 (DN |gigisa] - - |®)
+(=D"( -+ |gnz)

Here we use | rather than ® to save places, the reason it is called the bar
resolution of M. It is exact since it admits a Z-homotopy go(g1] - - |gn|m) —

(golg1l -~ |gn|m).

7.20.In terms of Cycles We will use the case of M = Z. The first several
terms are

3 2 1 0
- — ZIG]®Z[G]®? — Z[G] ® Z|G]®? — Z|G] ® Z|G] — Z|G) — Z
g —1

go®g1 —>gog1 — 9o
Jo® g1 ®Gg2 —+gog1 @ g2 — go ® 9192 + go @ g1
Go ® g1 @ g2 ® g3—>gog1 ® g2 @ g3 — go ® 9192 ® g3 + go ® g1 ® g2g3 — go X g

We see that
HY(G: M) = (G M flg19:) = 91/(92) + [(91)} _ Der(G, M)
’ (G5 M :FweM flg)=go—a)  Permn(G, M)
H2(G M) = {Gx G M:gif(g2,95) + Flo1,9298) = Flg192,95) + flg1:92)}

{GxG ENS VIIETe RN M, f(g1,92) = g1h(g2) — h(g192) + h(g1)}
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Actually, the five terms sequences above can be proved directly by dia-
gram chasing using above presentation.

7.21. In particular, under the condition of , when M is a G/N-module,
the sequence can be modified to be

0 — Der(G/N, M) — Der(G, M) — Homg n (Nap, M) — H*(G/N; M) — H*(G; M),

where the G/N-module action on the N, = N/[N, N] is induced from the
conjugation action of G.

7.22. [/’-term Actually, from this sequence, we can get the famous fact that
H?(G; M) parametrizes the set of short exact sequences of groups

0O—M —F—G—1

with M an abelian normal subgroup, and the conjugation action of G on M
is the given one. Here is the sketch

e Take a free presentation of G
l—K—F—G—1.
It is known that H?(F;—) = 0 for free group F.
e We have a bijection

F

v\ /2 = Homg(Kqp, M).

0—M-—F—G—1
The converse is given by the construction of semi-fibre product.

e We need to erase the difference of different lifting F' — E, i.e. differing
by a derivative ' — M should be viewed equally, that is

{O%M%E%GH 1}/2 = cok {Der(F,M) — Homg (Kap, M) |.

By the five term sequence above, it is H?(G; M).

Of course, this fact can also be derived in terms of cycles from reduced bar
resolution.
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Hochschild Cohomology

7.23. Hochschild Cohomology Let k be a field for simplicity. Let R be an
k-algebra. Denote A° = R ® R°P the enveloping algebra. Let M be a
A¢-module. We define

MFE  =Hompge(R,M)={m e M : "R rm = mr}
Mr =R®reM =M/(rm—mr:r € R)

We define the Hochschild (co)homology by its derived functor
HH"(R; M) = Ext}. (R, M),  HH,(R; M) = Tor’™ (R, M).
7.24. For two R-modules M, N, Hom(M, N) is an R°-module by (rfs)(m) =

rf(sm). For right R-module M and left R-module N, M ®x N is also a
R¢-module by r(m ® n)s = ms ® rg. So

Homp (M, N) = Hom(M, N)%, M@ N = (M ® N)g.
More general,
Exts(M,N) = HH"(R; Hom(M, N)), Torf(M, N)=HH,(R; M ® N).
7.25. Bar Resolutions We have a bar resolution B, — R by B, = R ®x
R®™ @y R, with

n

dxo |-+ [ Tny1) = Z(—l)ixo |l @i |- T
=0
Here | the “bar” is a abbreviation of ®. Actually, S(zo | --- | @p) —> 1] zo |
-++ | &, provides a homotopy. Diagrammatically,
R --- R R - R
SCOIINRN 2
R - R .- R

In particular,

{R M TN 2 f(ar2a) = 20 f(2) + f(z1)z2} _ Der(R,M)

HH'(R; M) = : = .
{thﬂ)fM:EixeM,f(xl):xlx—xml} Derpun (R, M)
{remt=star i |
HHZ(R; M) = 1T2, T3 1,T2)T3

. linear h ’
Ry plmeas yro 3RSV M f(a,a) }
= x1h(x2) — h(z122) + h(z1)22
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7.26. Similar to group cohomology , we also have
0 — Der(R/I, M) — Der(R, M) — Homp,;(Ip, M) — HH?*(R/I; M) — HH?(R; M),

where the R/I-module action on the Ly, = I/[I, ] is induced from the multi-
plication action of R. But the author does not know to how to prove it using
a spectral sequence argument.

7.27. We have the similar result that HH?(R; M) parametrizes short exact
sequence of rings
0O—M—S5S—R—0

with M an square-free ideal (say, M2 = 0), and the induced R-bimodule
action on M is the given one. Of course, this fact can also be derived in terms
of cycles from reduced bar resolution.

Exercises

7.28. Grothendieck Spectral Sequences Prove that we have complex version
of Grothendieck spectral sequence for lower bounded complex C' under the
condition of

EPY = RPG(RIF(C)) = (RPH(G o F))(C).

For readers familiar with derived category, try to show @

7.29. Prove .

7.30. Prove Cartan—Leray spectral sequence @ by Kiinneth spectral sequence

7.31. Algebra Structure There is a natural algebra structure over H*(G;Z) =
Ext&(Z,Z) or HH*(R; R) = Extg(R, R) by Yoneda pairing. Show that
they are graded-commutative

Ty = (_1)degxdegyyx

by a generalized Eckmann—Hilton argument.
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Hint For a resolution P, — Z, the product P, ®¢ P, is also a projective
resolution of Z. Assume z = [f] and y = [g] with degz = m and degy = n.
Then

P, P, @ P, P, @ P, Pe® P, P,

RV VA T

Pim] — Pe®@PJm| — Pe®@PJm] — PFn|®@P, — Pym]

C Al T

P,[m + n] P, @ Py[m + n] P,[n] ® Ps[m)] Py[n] ® Py[m)] Py[m + n]

The above — are all homotopy up to sign. Then by Kozsul convention ,
the sign is just reflected by the graded commutativity.
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8 Geometry (I)

8.1. In this section, we assume every space to be paracompact (every open
cover has a locally finite open refinement) which admits partitions of unity.
For example, manifolds, CW complexes, algebraic varieties under complex
topology.

Degeneration

8.2. Degeneration We say a spectral sequence degenerates at the r-th stage
if B, = E, i.e. there is no nonzero differential > 7.

8.3. Relation to Leray—Hirsch theorem Assume the fibre bundle satisfies the
condition of Leray—Hirsch theorem . Then the spectral sequence degen-
erates at Fy, i.e. Fy = FE,. Since the cohomology cannot be “less than”
Es.

Conversely, for path-connected B, if the spectral sequence degenerates at
Es, and H*(F) is a free module, then we can lift a set of generators to H®(X)
(since EY" = E" = H"(F) is a quotient of H"(X)), then it satisfies the
condition of Leray—Hirsch theorem.

E
8.4. For a fibre bundle £ = [i} with fibre F, if H°4(F) = H°dd(X) = 0,
X

then the spectral sequence for £ degenerates.

L NGNS
~L \\

8.5. Degeneration Theorem If the Leray—Serre spectral sequence for £ de-
generates at Ey, then so is its pull back.
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Proof Firstly, the differential of Fo for f*¢ are all zero. Due to the mul-
tiplicative structure, it suffices to show the differential from ES". By the
functoriality, it is zero

EOn
\0

~ \E‘?*,nfrfkl

s et

Then the differential of E3 for f*¢ are all zero. Due to the multiplicative
structure (the same structure as Es since the differentials of Es are zero), it
still suffices to show the differential from E{". So the general case has no
difference and can proved by induction. Q.E.D.

Flags, Grassmannians, etc.

8.6. Denote C™® = ;2 Ce;, under the inductive topology (topology for in-
ductive limit).

8.7. Projective Spaces For any complex vector space V' (not necessarily finite
dimensional), we define the projective space

PV = {linear subspace £ C V : dim /¢ = 1}.
For V = CN*! (resp. C*), it is usually denoted by CP™ (resp. CP>). Then

Z[H])/(HE™VH)  dimV < oo

. deg H = 2.
Z[H] dimV = o0

H*(B(V)) = {

The generator H = Hy € H?(P(V)) is universal in the following sense, for any
linear subspace W C V, the natural map H2(P(V)) — H?(P(W)) induced by
PW C PV sending Hy to Hyy.

Proof For any choice of V =2 CN*! it defines a stratification (cellular) struc-

ture
PV =ptuUCuUC?>U..-uCV
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Thus,
i 01 2 3 4 --- 2N
H'(PV) | Z Z
H;,(PV) | Z Z Z Z

In homology, .
Hy(PV) =Z-[L'],

where L' is the closure of C? in the stratification, an i-plane. Actually, this can
be any i-plane since GLy1(C) is connected and acts on i-planes transitively.
Then by Poincaré duality, when dim V' < oo,

HY(BV) = Z- [H],

where H' is any (n—i)-plane. In particular [H] € H?(P(V)) is the hyperplane,
and [H'] = [H]" by linear algebra. Thus

H*(B(V)) = Z[H] /(H"™ V),

For the infinite case, note that PV C PC* induces algebra homormohphism
H*(PC*>) — H*(PV) which is isomorphic for e < 2dim V. Thus

From the construction, we see the choice of H is universal. Q.E.D.

8.8. Partial Flag Varieties Let d = (dy,...,d,) € N} with |d| :=d; +---+
d, = d. Denote

Fid, V) = {o:vo CViC--CV,CV:dimVi/Vi_, :d*}.

It suffices to consider two cases, dim V' = 0o, and dim V' = d since in the finite
dimensional case we can add dim V' — d,, if necessary. Then

Sq
Z[I’l,...,xdé dlmV:d
HY(FUA,V)) = § (Zlor, o 2dlSe)
Zlwy,. .., xq)% dimV = 0o

where degz; =2, and 64 = G4, X --- x G4, C &,.
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8.9. Here is some other notations for F¢(d, V)
e When V = C*, we will just write F¢(d, o).
e When V = C4, we will just write F¢(d).

e Ford = (1,...,1) we will simply denote F¥¢(d,oc0) by Fé(d,o0), the
infinite flag variety. By above theorem, its cohomology is Z[z1, ..., z4]
the algebra of polynomials of d variables.

o We also denote when dimV = d, F4(d,V) = FLV) and Fé(d) b
FL(d), called the flag varieties.

e For d = (d), we will denote F¢(d, c0) by Gr(d, o), the infinite Grass-
mannian. By above theorem, its cohomology is Z[x1,...,7,]%¢ the
algebra of symmetric polynomialn of d variables.

e For d = (k,d — k), we will denote F¢(d) by Gr(k,d), the Grassman-

nian.

Sketch of the Proof of @ We pick a unitary product on V. Then by picking
unitary basis, we see

W, dlm& Zdi,

Thus we have

Fl(dy)

Fl

— F

=

e

%
<;

X
ff(dn) —— Fl(d,00) — Fl(d, )

/ 3

CP>~ o)
CPOO OO

(‘3 n actlon

We can define ; € H®*(F{(d,o0)) the pull back of hyperplane section through
the i-th projection F¢(d, o0) — CP°.
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e By inductively using Leray—Hirsch theorem @, we can prove that F¢(d, 0o)
satisfies the theorem. Note that the fibre of each projection is F¢(d —
1,0}) = FU(d — 1,00), and one should use the universality of H in B.7.

e By induction on d, We can prove the vanishinig of odd cohomology
and the Poincaré polynomials for F¢(d,c0), F¢(d). Thus we can do so
for Gr(d,o0), Fl(d,oc0) and Ff(d) since the degeneration of spectral
sequence can be implied by Leray—Hirsch theorem.

e Note that &, acts on n-projections, and the cohomology of F¢(d, co) is
exactly the Gqg-invariant part. The inclusion follows directly, and the
equality follows from the computation of Poincaré polynomials.

e Finally, by spectral sequence

H*(Ft(d)) =7 ® H*(Fl(d,0)).
H*(Gr(n,00))

This gives the description in the theorem. Q.E.D.

8.10. Remark We know BGL, = Gr(r,00). Acually, the computation in the
proof can be generalized to the computation of H*(BG;Q) for a lie group
G. But a nice description for coefficient Z cannot be generalized. On the
other hand, F¢(d, V) has a cellular structure of only even cells, thus no odd
cohomology. It is the topic of classic Schubert calculus.

Vector Bundles

8.11. Vector Bundles We can rewrite the definition of fibre bundle in terms
of coordinate. .
A map £ = {i} is said to be a fibre bundle if there exists an open
X

Uel,
covering U, and coordinates {(U, K () U F with

pvopl:(UNV)x F— (UNV)xF

induced by a continuous map (UNV') — Aut(F) = {self-homoemorphism of F'}.

A vector bundle is the case F' is an r-dimensional vector space, and
Aut(F) replaced by GL,.. We call r the rank of the vector bundle. When the
rank is 1, it is usually referred as a line bundle.
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We will mainly focus on C-vector spaces. A morphism between vector
bundles is locally linear, i.e. given by a continuous map UNV — Hom/(F}, F3)
locally.

8.12. Tangent Bundles For a manifold M, denote the tangent bundle TM =

Usear To M. By the theory of manifold, it is a manifold of dimension 2 dim M.
™

The projection { + } is a vector bundle, called the tangent bundle.
M

8.13. Tautological Bundle Recall that the the projective space CPY is the

space of all lines in CN*1. We define P = {(¢,z) € CPN x CN*1 : 2z € (}.
P
Then [ 4 } is a rank 1 vector bundle. This is known as tautological bundle,
CcPN
since the fibre at £ is £ itself. The same construction can be done for F¢(d, V)

(but with n many).

8.14. Classifying Theorem We have a bijection
Vec (X) — 7(X, Gr(r,00))

where n(—,—) = Map(—,—)/Homotopy is the homotopy classes of maps.
Moreover, this bijection is natural in X. To be exact,

any rank r vector bundle over X is isomorphic to the pull back of
the tautological bundle over Gr(r, 0o) for some map X — Gr(r, 00).

We say € is classified by this map.

Sketch of the Proof By an argument of partition of unity, we can embed
X xC™>
any vector bundle £ into the trivial vector bundle of infinite rank { d }
X

Then we define the classifying map X — Gr(r,00) by sending z € X to its
fibre in C*°. It is clear that the pull back of tautological bundle of Gr(r, co)
gives back the vector bundle. Lastly, using the vector bundle over X x I, we
prove the bijection. Q.E.D.

8.15. Chern Classes Recall that

H*(Gr(r,00)) = Zlxq,. .. ,mn]G" =Zle1,...,en]
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with e; € H*(Gr(r,00)) is the i-th elementary polynomial in z1,...,2,. For
a vector bundle £ over X, assume it is classified by f : X — Gr(r,00), we
define the Chern classes ¢;(£) € H?(X) to be the pull back of (—1)e; €
H?(Gr(r,00)). In particular, ¢;(1) = (—1)%; for tautological bundle 7 over
Gr(r,o00). We define the total Chern class

c(§) =1+ci(§) + -+ (8)-

Then by definition, Chern Class commutes with pull back, that is, ¢(f*¢) =
f*e(€) for vector bundle £ and continuous map f.

8.16. Example Consider the tautological bundle V; of F¢(d, V), i.e. at each
0=V C VWV, C -V CV), the fibre is V;. For the case Fl(d,o0),
c(Vi/Vic1) =1 — x;. Actually, V; = 4; & --- ® £, where ¢; is the pull back of
tautological bundle over CP*° through the i-th projection in the proof of @

8.17. Theorem For a vector bundle £ and a sub-vector bundle 7, we have

c(§) = c(§/n)e(n).

Proof Assume ranké = r, and rankn = s < r. Actually the pair (n C &) is
classified by two-step Grassmannian (just as the proof of )

X — Gr(s,r — s,00) = F(d, 00), d=(s,7r—3s).

So it suffices to deal with the universal case — two tautological bundles n C &
over Gr(s,r — s,00). Now the following maps

Gr(s,r —s,00)

.

Gr(s,o0) Gr(r—s,o0)

Gr(r,00)

classify n, £ and_£/n respectively. The cohomology maps are all injective, and
by the proof of

c(n) =l-e(z1,...,25)+-=1—m1) (1 —x).
c&/n) =1—e(Tsa1, yxp)+ =1 —xsp1)-- (1 — ).
c§) =1l-ei(zr, ... ,xz)=0—z1)--- (1 —xz;)

This proves the theorem. Q.E.D.

)
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E
8.18. Associated Flag Bundle For a vector bundle £ = [i ] , the associative
X

FUE)
projective bundle F¢(§) = + } is obtained by exchanging each fibre E,

X
by the corresponding flag variety Fe(E,) of it.

8.19. Splitting Principle The spectral sequence for the associated projective
FUE)
bundle i of a vector bundle degenerates, i.e. Fs = F,. In particular,

X
H*(X) — H*(F{(X)) is injective.
Note that, the pull back of & on F£(£) has a filtration of line bundles,
say, each point of F£(¢) is a splitting of its fibre. This is known as splitting
principle.

Proof It suffices to deal with the universal case that the vector bundle is the
tautological bundle 7 over Gr(r,00). By definition,

FUT) = Fl(r,00).

Fe(T)
Then [ 4 } degenerates by our computation. Q.E.D.

Gr(r,00)

8.20. The theory of Chern classes can be reformulated in differential geometry
and algebraic geometry where spaces of infinite dimensional such as Gr(r, co)
no longer exist. But we can try to prove the properties asserted as above.

8.21. Let V be a complex vector space. Let 7 be the tautological bundle over
PV. Note that any nonzero f € V* defines a nonzero section of 7*. Say,
at ¢ € PV, it takes value f|, € ¢*. Then its zero locus is P(ker f) C PV a
hyperplane. As a result, ¢;(7*) is the Poincaré dual to the class of the zero
locus of a general section. That is the reason why in algebraic geometry we
write 7% = O(1).

Since P(V) is nearly universal for line bundles for dimV' >> 0, the above
intuition is also true for line bundles over general manifolds. To be exact, the
Chern class is the Poincaré dual to the class of the zero locus of a general
section (counting with orientation).

For general vector bundle, the corresponding class (the class Poincaré dual
to the zero locus of a general section) is called the Euler class. By splitting
principle, it is exactly the top Chern class of the vector bundle. This is one
motivation of defining Chern classes.
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Exercises
8.22. Definition (Associated Projective Bundle) For a vector bundle £ =

E P(E)
[L], the associative projective bundle P(§) = [ + ] is obtained by ex-
X b'e
changing each fibre E, by the corresponding projective space PE, of it. We

can define the tautological bundle over P(E) whose fibre at £ C E, is ¢ itself.

8.23. Degeneration Theorem The spectral sequence for the associated pro-
P(E)
jective bundle | | | of a vector bundle degenerates, i.e. Fs = E.
X
Furthermore, as an algebra,

HHE(E) = () [H] [ (" + (@ 4+ e (©)
where H = —c;(7) € H?(P(E)) with 7 the tautological bundle of P(E).

Remark Actually, this is Grothendieck’s way of defining Chern classes in
algebraic geometry.

8.24. Classification of Line Bundles Use the Eilenberg—MacLane space
to show that the isomorphism class of a line bundle £ is determined by its first
Chern class ¢1(§).
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9 Geometry (Il)

9.1. In this section, we assume every space to be paracompact (every open
cover has a locally finite open refinement) which admits partitions of unity.
For example, manifolds, CW complexes, algebraic varieties under complex
topology.

Sheaf-theoretic Leray Spectral Sequences

9.2. Push Forward Let X — Y be a continuous map. If we have a sheaf F
over X, then we can define the push forward

foF = |U— F(f~YU))| a sheaf over Y.

It turns out that f, is left exact, we define R’f, by its derived functor, the
higher push forward.

9.3. For example, when Y = pt, f. = I'(X,—) is the same as the functor
of taking global sections. Thus R'f, = HY(X;—) the functor taking i-th

cohomology.

9.4. Higher Direct Image The higher push forward admits an explicit de-
scription

R'f.F = associated sheaf of |U+—— H'(f~"(U); F|s-1)) |-
This techenique is known as higher direct image.

9.5. Leray Spectral Sequences For continous maps X Sy o, Z, there is
a spectral sequence

B} = RPg. (R f.(F)) = R" (g o f). F,

natural in F.

Proof Note that flabby (flasque, en francais) sheaves are preserved by f., thus
it satisfies the condition of Grothendieck spectral sequences [7.2. Q.E.D.



9 Geometry (Il) 85

9.6. Sheaf-theoretic Leray Spectral Sequences For any continous map X N
Y, there is a spectral sequence

EY' = HP(Y; RUf,F) = HPT9(X; F),

natural in F.

9.7. Assume a space X is locally contractible.

It is known that H™(X;Zx) is the n-th singular cohomology of X, where
Zx is the constant sheaf. In general, H"(X; Lx) is the n-th singular coho-
mology of X with coefficient in £, see the remark below.

E
Now consider a fibre bundle £ = {¢} with fibre F'. Then using the higher
X

direct image @, we see that RI€,Zg is the local system H?(F') over X. Thus
above spectral sequence recovers Leray—Serre spectral seqeuences .4.

9.8. Locally Constant Sheaves Recall a local system @ is a functor from
the fundamental groupoid II(X) to the category of abelian group Ab. We can
define a sheaf from a local system L, by

Lx(U) = Natry—an(Z, Llnwy),

where Z is the constant functor to Z € Ab. That is, assign each x € U an
element s, € L., such that for any path x — y, the inducing map £, — L,
sending s, to s,.

Assume X to be locally simply-connected, This construction defines a lo-
cally constant sheaf. Conversely, we can recover the local system by taking
stalks. Actually, local system is the same thing as locally constant sheaf, and
we will not differ them in notation.

Cech Cohomology

9.9. Cech Spectral Sequences For a sheaf F and an open covering U, there
is a spectral sequence

BV = HI(UP; Fly») = HP*(X; F),

where U? is the formal disjoint union of all intersections of (p + 1) different
members of U, and F|y» is the pull back from X to UP.
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9.10. Before the proof, let us introduce a symbol convention. Pick a set of
symbol {e; : i € I}. We define the wedge product A which is associative with
the properties

e, Ne; = —e; Ne;, e, Ne; =0.

We define the interior product te;, by
to,(€ig Av-Nei) = (=1) (ej,e;,) iy A-- 65, - ey,
where we assume (e;, e;) = 0;;. Note that for all ¢,j € I

le; (ej AN —) +e; A (Lei_) = (Sij -id.

9.11. Proof of @ Assume U is totally ordered by {U; : i € I'}. Denote for
p >0, U,..i, = Uy N---NU;, then UP = | | Usi,.....i,- Denote the
Cech complex C(U, F) by

i0<...<lp

CPU; F)=FU) = [ einnei  FUi. i)

i0<...<lp

So every element o can be written in a form sum

o = E (ST VANRERIVAN eip . O[io.“ip, Oliou.ip S f(Uio,...,ip)'
i0<...<ip

The differential is defined to da =), ;e; A aly,.

e Firstly, by definition of a sheaf,

H(C(U; F)) = ker [ [[7v)— [ Fwn V)] = F(X).
veu u,veu

e Secondly, assume F = (i,).F is supported on one point z, then C’(U; F)
is acyclic. Actually,

[} —>C‘(Z:{;]-')] =) [Z— eZ]|®F[1].
U;>x

A general fact of Kozsul complex tells us any exactness of tensor factor
kill the cohomology. Explicitly, we can pick one Uy 3 x, and define the
homotopy by a +— te, a the interior product.
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e Thirdly, assume F = ][, (i)« F} for some abelian group F, at each point
r -2 X, then C(U; F) is acyclic.

Recall the construction of Godement resolution, we can pick a resolution F —
7 with C(U;Z7) acyclic by above discussion. Then

N ~ A
{X:L \007‘%} ®X7%% Q}%\‘ fX‘}()L\ ?;L \}Q‘»’S
2 A
pUBCHE o P
N\ N \
,S? \OQ%%? @Xfé QB{L\‘ ,XS)\%\ 60 \$‘§
shows that Tot C(U,Z) computes H"(X, F). On the other hand,
o)
S A N \0° v \U
SRR - fw !
o) N o)
0 M N \O A\ \o°
oY a&f oy
o) ¢ o)
Sh 2 ?\0 f\o y\o
PYURINRIINN 20 S R
This is the spectral sequence claimed in the theorem. Q.E.D.

9.12. Cech Cohomology In particular, when F has no higher cohomology
over UP, the Cech cohomology

H"(U,F) = H"(C*(U,F))

computes the cohomology H™(X; F). In particular, when F is flabby, the Cech
complex is acyclic. For example, when F = Zx, and X is locally contractible
topological space, @u finer H™(U; F) = H"(X;Z). For neotherian seperated
scheme X, any open affine cover U, we have H"(U; F) = H"(X;F) for any
quasi-coherent sheaf F.

Spectral Sequences for Stratifications

9.13. For a sheaf F over X, and K C X, the notation restriction F|x stands
the pull back of F to K. Note that for example, when K is a point, this
notation stands the stalk at this point. Historically, this notation has different
meanings.
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9.14. Shriek Push Forward Let f: X — Y be continous. Let F be a sheaf,
denote the shriek push forward fiF to be the subsheaf of f.F with section
of proper support, that is

HFU)={s€ ‘F(fil(U)) : flsupp s is proper}.

It is known that fi is left exact, thus we can define its right derived functor
R’ fi. It is known that the shriek push forward maps injective sheaves to c-soft
sheaves, thus satisfies the condition of Grothendieck spectral sequences.

9.15. For example, when Y = pt, fi = T'.(X, —) is the same as the functor of
taking global sections of compact support. Thus R fj = Hi(X; —) the functor
taking i-th cohomology of compact support.

9.16. Higher Direct Image of proper support The higher shriek push forward
admits an explicit description on stalk

(R'AF)y = HA(f 7 (y); Flp-10)-

9.17. Excision Triangle For any open subset U C X, denote its complement
F:= X\ U, and two inclusions j : U — X and i : F — X. For any sheaf F,
we have a long exact sequence called excision long exact sequence

- — HY(U; Flu) — HYX; F) — HA{F; F|p) — HYU; Fly) —
9.18. For example, for F = Zx, this gives the long exact sequence of coho-
mology of compact support

- — H{(U) — H{(X) — HY(F) — H*(U) — -

9.19. Stratification Let X be a topological space. A stratification of X is
a finite set of manifolds S (strata) such that

X=JS (disjoint) SinSy=S0ra forSy,S% €S
SeS

We set

o=X1CXCXiCCXya=X Xpo= |J S
dim S<k

We assume further that each X is closed (it is enough for applications).
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9.20. Spectral Sequences for Stratifications Assume F is sheaf over X with
a stratification S. Then there exists a spectral sequence

E{Y = HI¥1(S,: Fs,) = HII(X0F),
where S, is the disjoint union of all dimp strata.
Proof Set X* = X \ X;_1 = Uy, s5x S Note that the excision long exact
gives a
e HIOO Pl ) — HIXF Flxe) — Hi(Si Fls,) — -
Thus we have an exact couple.
EYY = HPY(Sy; Flp) = HIM(X; F).
This proves the theorem. Q.E.D.
9.21. Simplicial Cohomology For example, we apply this theorem on constant

sheaf Zx. It tells
Byt = HI(S),) = HETI(X).

We know that for an open disc DP of dimension p,

HE*H(D:2) = {Z’ =0

0 otherwise.
Thus when X has an affine stratification, i.e. each stratum is homoemorphic
to RP for some p, then the cohomology of compact support can be computed
as simplicial cohomology [L.12. Note that to be a CW complex, we also need
to assume further that the boundary of each stratum is attached to lower
dimensional strata.

9.22. Complex Version of 5.20: The same excision long exact sequence holds
for hypercohomology H! = R'T'. of compact support. Actually, in derived
category, we have a triangle (under the notation of P.20)

Rjij*F — F — Ri.i*F 15 .
Thus there is a spectral sequence

EYT = HE¥9(S,5 Fls,) — HIM(XF).
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9.23. Dual Version We have another excision triangle in the derived category
(still under the notation of )

Ri.i'F — F — Rj.j*F 5

where f' is the shriek pull back defined by Verdier. For example, this gives
the long exact sequence of Borel-Moore homology

o HPY(F) — HPM(X) — HPM(U) — HEY(F) — -

where U is open in X and F is the complement. Note that HPM(X) =
H~*(wx) with wx = a’yQ for the unique map ax : X — pt. Hence, applying
to

= HY(Xpo1; Flxy ) — HY( X0 Flx,) — HY(Sk; Fls,) — -
we see that there is a spectral sequence
ErPT? =HPY(S,; i) F) = HPY(X; F),

where i, : S, = X the inclusion. For example, there is a Borel-Moore homol-

ogy version

Ep, = HPN(Sp) = HPN(X).

Hodge Theory

9.24. Dolbeault cohomology For a smooth algebraic variety X of dimension
n, we have the holomorphic de Rham complex

0 1 n

4] 14} 4]
QS(: Ox—>Qx—>~-~—>wX

where Qx the Kéhler differential, and wx the canonical bundle. Note that the
morphisms in the complex are only sheaf morphisms rather than coherent.
Define the Dolbeault cohomology

HP(X) = HY(X;0%).

9.25. Frolicher Spectral Sequences We have a spectral sequence

EPT = HI(X;0%) = HP(X) = H""(X;C).
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Proof For the differentiable de Rham complex €3, we have a decomposition
C®Q4 = Tot Q&7 where Q5 is the direct summand of C® % *-sheaf C @ Q54
locally spanned by

f(z)dzil/\~~~/\dzip/\d2¢1/\~~-/\dzq, f€C®‘5°°,
under a local coordinate (21, ..., 2,). The two direction differential 0 and 9 is
given by av— > . dz; A B%ia and o — Y. dz; A a%ia. By Dolbeault theorem,
0o O d n—
(QF —)QF — - — QR"?
forms a resolution. Thus Dolbeault cohomology is the cohomology of

0 B n—p

ax) L 2 aprr(x)

gL SElp ) & Q%o O%ﬂ &)

Q@]\ 0@7\ %
& ) » <) N <) o 7@ A 79 A <)
0@?0@*@\%\ W

D@ e® L @ ©
SUBEVEYT o m R
It converges to the de Rham cohomolog with coefficient in C i.e. HPT9(X;C).
Q.ED.

9.26. Degeneration When X is projective, or in general is a compact Kéhler
manifold, the Frolicher spectral sequence degenerates at Fy, i.e. Fy = E.
Actually, this is equivalent to say that we have the following Hodge decom-
position
H"(X;C)= P HM(X).
ptg=n

Theoretically, if we denote FPQ® = Q2P then the spectral sequence for this
filtration degenerates at Fj.

X
9.27. Deligne Degeneration Let [i] be a smooth projective morphism of
Y

varieties which is a topological fibre bundle with fibre F'. Then the Leray—Serre
spectral sequence with coefficient Q

EY? = HP(X;HY(F;Q)) = HPT(E;Q)

degenerates at Fs, that is, £y = F.
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Proof By definition, it factors through X — P"” xY — Y with the first map a
closed embedding and last map the natural projection. Denote H € H?(X;Q)
the restriction of the class of hyperplane section from H?(P" x Y). The
restriction of H to E, each fibre F' holds the hard Lefschetz theorem
LFHTHFQ) = HYNFQ),  ar—a— HIf,

where d = dim¢ F = %dimR F. At E,, it looks like

x>
o*
Do
@Q/ \
N gx®
L ?}n&
Y d
dXW [ - Ep7d+k] =0
Lo
o H
@ \\ \‘/'L
i d _
Py [ 5 EPd=k) =0
kal @ Lk: \H{
4 rop,dtk—2
o [ % Erd+k-2) g
3
P
\
@ \& d/\'”v
1

Thus by induction, the differentials of E5 all vanish. The same reason for Fj3,
etc. Q.E.D.

Exercises

9.28. Complex Version of @ The theorem @ is also true when F is a
complex of sheaves with respect to the hyper-cohomology Hf = R’

EP? = HY(U?; Fly») = HPH(X).

One may use the fact that C(U,T) is acyclic for injective Z.

9.29. Sheaf-theoretic Cech cohomology Under the notation of @, show that

U, F) = [v — ép<u|v,f|v>}, Uly = (UN Ve

forms a sheaf of complex. Show that it is exact. Actually, we were equivalently
doing this in the proof of P.g.
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9.30. The First Cech Cohomology Show that
lig  H'UF) = H(X;F).

Actually, C(U, —) does not preserves exactness. But at least, the @H 0 of a
quotient of a flabby sheaf is the same by direct computation.

9.31. We can define H'(X;G) as above for any sheaf of group G. Say,

g , N Jigfik = fik
{fu € Hi<j FUinUy): over each U; NU; N Uy

HY(X;G) = ling
USiner £ — 1 e (), F . fuvi = eili
fis = 1 (pi)i € IL; F(U) - over each U; N U

It is the set of the equivalence classes of G-principle bundle (or G-torsor),
that is, the sheaf of right G-set locally isomorphic to Gignt. A typical example
is H'(X; O0%) = Pic(X) = {equivalence classes of lines bundles}.

9.32. Prove that for any subset ¢ : F' C X, the shriek push forward 4, is an
exact functor (extending by zero) with i* a one-direction inverse.

THANK YOU FOR YOUR READING
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