BEHIND THE COMBINATORICS
OF SYMMETRIC FUNCTIONS

RUI XIONG

ABSTRACT. These are the lecture notes for the 2025 course
“combinatorial representation theory”. The purpose of this
course is to provide an algebraic introduction to Schur poly-
nomials, Hall-Littlewood polynomials and Macdonald poly-
nomials. I will minimize the involved combinatorics, and fo-
cus more on their connections to representation theory and
algebraic geometry.
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1. SCHUR POLYNOMIALS

— REFERENCES. Most of results can be found in

[23] I. G. Macdonald. Symmetric functions and Hall Polyno-
mials, second version. Chapter L.

[6] W. Fulton. Young Tableaux: With Applications to Repre-
sentation Theory and Geometry.

— ASSUMPTION.

1.1. Root system. Our definition will be given for a finite re-
duced root system. We take A to be the weight lattice, or any
sub-lattice containing root lattice Q. In this note, a polynomial
is an element of group ring

QA =PQ-¢.
AEA

It is isomorphic to a Laurent polynomial ring after picking a ba-
sis of A.

1.2. Type A. After presenting the type-free definition, we will
soon specialize to type A. However, type A is a little bit special.
We prefer the theory for group G = GL,,, while root system only
tells SL,,. For GL,,, we can take

AN=7e @ - @ ZLen.
So
QIAl = QIx{, ..., %,
So we have a natural lifting by homogenization.
1.3. Symmetric functions. Usually, the symmetric polynomial

is defined for a dominant weight. In type A, a weight
Aer+ -+ Aen €A
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to be dominant means
AM>A > 2> A

When A, > 0, our polynomials are all honest polynomials of
degree |\ = Ay +--- + Ay, ie in

Qlx1y ooy Xal.

It turns out all of our symmetric polynomials admit a limit

A= m QX1y. ey Xnl.

n—oo

Note that this is a projective limit, so we call an element of it by
a symmetric function.

— TYPE-FREE DEFINITION.

1.4. Definition. For a dominant weight A, we define the Weyl

character as
1
_ A
o Tw (Tl )

wew o>0

Recall that p = 3 >~ o. Note that
H(eoc/l . e—oc/Z)
>0

is anti-symmetric, we can write

Z EW(_] )K(w)ew(?\+p)
XA = T — .
H(X>O(e(x/2 —e oc/Z)

1.5. Lemma. The rational function ¥, is actually a polynomial.
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Proof. Let

A = H /2 foc/Z

>0

Note that
@[A]Sn-alt — @[/\]S“ A,

The inclusion “2” is trivial. The inclusion “C” follows from the
fact that

sef =—F = (1—¢e%)|f. O

1.6. Weyl denominator formula. We have xo = 1. That s,

H(erx/z . efrx/Z) _ Z (_1 )E(w)ewp-

o>0 wew

Proof. We know RHS/LHS is a polynomial. But comparing the
support of LHS and RHS, the quotient can only be a constant. It
is not hard to see this constant is 1. O

1.7. Remark. If we set

a) = Z (—1)twer,

wew

Then we can rewrite the definition

XA = a?\+p/ap°

1.8. Lemma. We have

XA = My + Z Z-mu.

B<domA
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Proof. We can expand each term

1
: e wa > 0
WA _ w)\ -
€ H 1— e—wa - H
o>0 o>0 1—wo¢’ wo < 0
— e

in the Laurent series ring Q((e™*)) 4~0. We see immediately that

X = e+ Z Z - e".

u<dom)\

Since ¥, is symmetric, this implies the assertion. O

1.9. Corollary. The Weyl character x, forms a basis of symmet-
ric polynomials.

1.10. Example. Here is an example in SL;.

L A N R AR A A A A AN R S R A
1222222222222 221
1233 3333333333321
12 3 4 4 4 4 4 4 4 4 4 4 4 4 3 21
123 455555555555 43 21
123 456 6 6 6 6 6 6 6 6 65 43 21
123456 7 7 7777777 654321
123 4567 8 8 8 8 8 8 887 65 43 21
1234567 8 8 8 8 8 8 87 65 43 21
12 3 45 6 7 8 8 8 8 8 87 6 5 4 3 21
123 4567 8 8 88 87 65 43 21
123 4567 88 887 6 543 21
123 4567 838 87 65 43 21
123 4567 8387 6543 21
123 4567 87 6543 21
123 45 6 7 7 65 43 21
123 45 6 6 6 5 4 3 21
123 45555 43 21
12 3 4 4 4 4 4 3 21
123 3 3 3 3 3 21
122 2 2 2 2 21
T 11 1 1 1 11
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1.11. Example. If a weight A such that no dominant weight <
A, then

Sh = M,y.

Such weight A is said to be minuscule. Only a fundamental
weight can be minuscule. In type A all fundamental weights
are minuscule.

— TYPE-A. Let us restrict to type A. In this case, Weyl charac-
ters are called the Schur polynomials.

1.12. Definition. For a partition A, the Schur polynomial is
1
_ A
= Zw(x I1 ]_Xj/xi)
WweSH 1<i<ji<n
Similar as above, we can write

1 Z (—1 )e(w)xw()\Jré)
_ A0 o WESH
SA_ZW<X I Xi_xj)_

WESn I<i<j<n H1§i<j§n(xi — %)

where 6 = (n—1,...,1,0). Note that, 6 # p but
d=pmode+---+e,.

1.13. Remark. By a similar approach, we can show that s, is
actually an honest polynomial, i.e. no negative power.

1.14. Determinant. We can also write the definition as a deter-
minant. Say,
Aibn—j
Z (_] )f(w)xw(?\+8) — det(xiﬁ-n ])1§i,j§n-
WESH
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For example,

4 4 4
X1 Xy X3
X3 x5 X3 5 5 5
1 1 1 X7X2 + X7X3 + X5X3
2 2 2
$(2,1,00 = = +X1X2 + X1X5 + X2X3
(x1 —x2) (%1 —%3) (%2 — x3) F2x1%2%3

In particular, the analogy of Weyl denominator formula gives
the Vandermonde determinant.

1.15. Example. We have

S(1k,on—k) = Mk gn—k) = € = E Xip o Xiyee
1<i<<ig<n

The elementary symmetric polynomial.
1.16. Example. We have

S(k,0“4) = hk = E Xip o Xipe

1<i) < <ig<n

The homogeneous symmetric polynomial.

1.17. Symmetric functions. It is not hard to check
S (X1y -+ eyXk) = sa(x1y .0y Xk, 0).

So s) can be upgraded to a symmetric function. Moreover, we
have

ker [A = Q[x1,...,xn)°"] = span(sy : Ays1 # 0).

1.18. Example. Here is a SageMath script for computing Schur
functions

Sym = SymmetricFunctions(QQ)

m = Sym.monomial(); p = Sym.power ()

h = Sym.homogeneous(); e = Sym.elementary();
s = Sym.Schur()

print( s([2,1,1]) .expand(3) )
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Hprint( e(s([2,1,11)) )

See the documentation.

— KEY POLYNOMIALS. Let us define the non-symmetric ver-
sion of Weyl character.

1.19. Demazure operator. Let us define the Demazure opera-
tor for a polynomial f

1

T = m(ld — e_“isi) = (1 + Si) o Ty
That is,
f— e %is(f)
(f) = ————.
mi(f) 1 —e ™
In type A, it is written as
1 .
M = ———(xj0id — X411 0 8¢).
Xi — X4

It is not hard to check 71; sends polynomial to polynomials.

1.20. Example. Letus compute the SL,-case. For A dominant,

—A —A o —A o A—a A

e e e e e e e e

0 0 - 0 1 5 1 T 01T

1 0 - 0 0 0 -1 . —1 0
We have

In general,


https://doc.sagemath.org/html/en/reference/combinat/sage/combinat/sf/sfa.html
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1.21. Theorem. The Demazure operator satisfies

™= (quadratic relations)
TGTG - - = TGTT - - - (1#3) (braid relations)
—— ==
mij m-lj

From the braid relation, it is well-defined to write

Thy = TG, * - Thiy, W =sj, -8, (reduced).

1.22. Example.

id A4S )
11 1 1 111 1 11 11
1111 T 11 11 122 21
11 11 T 111 11 1233 21
111 123 21
11 12 21
1 111
QT 7 TR = TR

1.23. Proposition. Let wy be the maximal element in W. We

have
T (f) = > W 161—[1_17

wew a>0
Proof. As an operator, m,,, must be of the form

Ty = Z W o ay,, a, € Q(A).

We need to show

1
aw:]i[m.

o>0
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Let us write

Ty = Th, * * * Ty, Wy = Si, **°

1 Si

.-
Firstly, the coefficient of wy can only be contributed by s; o s
in each 7. So

1

1 1

S 0 T e TSR O T T g T W0 G

So

1 1 1
Do = T oo, ] e H 1— e«
o>0
Since wy = s;i(s;Wy) is reduced, we have
7Ti7TW0 = TtiT[iTcsiWO = Tti’r(siW() = 7TW0'
This implies s; o m,,, = 7, for alli € I. Then wmn,,, = m,,,. This
implies a,, = a,. O

1.24. Demazure character. For a weight A = wA™ for a domi-
nant weight A* and w € W, the Demazure character is

Ky = (e ).
That is,

3 Kg:A S: A Sd A
A dominant = k) = e*, Tk, = 4 s S om A,
Kxy Si}\ 2 dom A.

In particular, for dominant A,
Kwor = XA-

1.25. Example. In type A, this is called the key polynomial.
Here is the code for computing them.

k = KeyPolynomials(QQ)
k([4,3,2,1]) .expand )

See the documentation.



https://doc.sagemath.org/html/en/reference/combinat/sage/combinat/key_polynomial.html
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— SCHUBERT POLYNOMIALS. There is another non-symmetric
version of Schur polynomials called Schubert polynomials. But
this is only for type A.

1.26. Demazure operator. Let us define the BGG Demazure
operator for a polynomial f

1 1

0i=—(id—s;) =(1+s;)0 .
Xi — Xi41 Xi — XiH1
That is,
f—s;i(f
2.(f) = =50
Xi — XiH1

1.27. Example. We have

(xP) =xF T Hxt I xa + FxxST xS
01(x3) = —01(x7).

1.28. Remark. The BGG operators can be defined for general
types, but we should work in the polynomial ring

Sym(Ac) = symmetric algebra of A ® C.
The BGG operator is defined to be

3= o (1—s) = (1+s5) 0.
(0.6 X

1.29. Theorem. The BGG Demazure operator satisfies

92 =9, (quadratic relations)
0i0j -+ = 0j0;- -~ (1#3) (braid relations)
~

From the braid relation, it is well-defined to write

Oy = 04, - - - Oiyy w=si -8 (reduced).

{4
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1.30. Proposition. We have

2.,(1) = Zw(f I1 .lxj)-

C X
WwESH 1<i<j<n

In particular,

sy = 0(x ).

1.31. Schubert polynomials. For a permutation w € S,, we
define the Schubert polynomial

GW = aw—1wO (XB).
Recall that 6 = (n—1,---,1,0). That is,

Gwsi) SPW < W,

GW =x° aiGW =
oA =X {0, SiW > W,

In particular, Gy = 1.

1.32. Example. When n = 3, we have

2

Gz = 6y, = X7X2 Gz =6, =%

G311 = G5, = X1%2 G130 =6, =x1 +%2
2

G312 = G,,5, = X5 G113 =6y =1.

1.33. Example. We can represent a reduced word of wy by a
staircase. For example whenn =5,

read

S1 S2 S3
Wo = (- 535251) (15352 (5453)84 S2 83
S3 Sz

S4



BEHIND COMBINATORICS 13

Let me give some example.

S1 S2 83 S1 S2 S3 S1 S2 83 S1 S2 S3
S2 S2 S2 S2
97 03 92
S3 S1 — 83 S — S3 — S3
S4 S4 S4 Sy
4.,3,2 4,22 4.2 4

Note that we can do this kind of computation if the i-th row
has exactly one more box than the (i+1)-th row. Actually, all the
monomial Schubert polynomial is obtained in this way.

1.34. Stability. The Schubert polynomial does not depend on
n,i.e. 6, is defined forw € S, = UnZO Sn.

Sketch. We only need to show for the maximal element ng) €

Sn_1 C S, we have

GW(()nq) = X?iz X -Xﬁ73xn,2. ]
The proof goes like this
[ | | [
| 91 | 2, |
— — — - — [

1.35. Grassmannian permutation. Let A be a partition of length
n. Let us define the Grassmannian permutation w, € S., such
that

wi(1) < -+ <wi(n), wiln+1) <wy(n+2)<---
with
(D, =AM +n—11,.
That is,
(Wa(1)y...,wy(k)) = sort(A + 5).
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For instance

1.36. Theorem. Under the assumption above, we have

G, = SA(X1ye vy Xn).

Sketch. Let wy, € S, be the permutation such that
W (1) > -+ >wy(n), win+1)<w(n+2)<---
with
{V\’V)\(i)}?:] ={A+1n— ﬂ‘?:] .
Then
Wy = WWy, t(wy) = €(wa) — (o).

Moreover, we have &, = x*". So by definition G,,, = s)(x1,...

For example,

[ [1 [ !III HIII
— — — O -

)XT‘L)'
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1.37. Example. The following is the SageMath code for Schu-
bert polynomials.

X = SchubertPolynomialRing(QQ)
X([4,2,3,5,1]) .expand )

See the documentation.


https://doc.sagemath.org/html/en/reference/combinat/sage/combinat/schubert_polynomial.html
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2. BACKGROUND AND APPLICATIONS

— REPRESENTATION OF LIE ALGEBRAS. [6, Part II]

2.1. Semisimple Lie algebra. Given a root system, we have an
associated semisimple Lie algebra

g:b@®ga

root o

where b is the Cartan subalgebra, the Lie algebra of the maximal
torus. We denote the standard Chevalley generators by

}'L'L, e, fi iel

2.2. Example. Consider g = sl,. Then

h = diagonal matrices, ge,—¢; = CEy.
We have
hi = By — Ei1i42, e; = Eiiy1, fi = B
For example, whenn =3
o 1 _ -
€1 = 0 f1 = 10
L O_ L O_
o - o -
e = 0 1 fz = 0
0 |1 0]

We have a similar decomposition for gl ..

2.3. Representation. Any finite-dimensional irreducible repre-
sentation V of g decompose into weight spaces

V=W, Vi={veV:h-v=Qhjforallhehbp}.

AEP
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We define the character of V to be

x(V) =) e'dimV; € ZIA]
AEA

2.4. Classification. The irreducible representations of g are clas-
sified by dominant weights. Let L(A) denote the module of high-
est weight A.

2.5. Remark. For a semi-simple Lie algebra g,

finite-dim’l tinite-dim’l tinite-dim’l

repsof g~ algebraicreps of G** reps of K**

where G* is a simply-connected algebraic group with Lie alge-
bra g and K*¢ a compact group with Lie algebra complexified to
g. For example,

g = sl,, G* =SL,, K = SU(n).
But for gl,,, we only have

finite-dim’l finite-dim’l finite-dim’l

reps of gl, ~— algebraic reps of GL, = reps of U(n)

2.6. Example. Let @ be the fundamental weight of SL,. Here
are the representations L(0@), L(@), L(2®).

trivial natural adjoint
0 - 1 -2 0 2
N RN
JOUOL pp— 23 e
x € sl; acts x € sl; acts on x € sl; acts on
on Cby 0 C? as a matrix sl, itself by [x, -]

We remark that under the isomorphism s, ~ so3, the adjoint
representation becomes the natural representation of sos.
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2.7. Example. We have an sl,-representation on

AC' = P  Cuy,  uwi=eq A Aeg,.

1<aj<-<ar<n

We will only draw the action of f;. For example, when k = 2 and
n =5, we can illustrate

fa f3 5
U5 Uyg U3 Uiz

fi lfl lfl
f4 f3

Ups =— Uy <— Up3

We have

L(wk) = /\k(cn) X(L(wk)) = Z Xa; * Xay-

1<aj<--<ar<n

2.8. Example. We have a sl,,-representation on

SkC™ = Clx1y .« oy Xnldeg=x = @ Cxqy ** Xay-

1<a;<--<ag<n

The action can be given by a very similar formula
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For example, when k = 2 and n = 5, we can illustrate (we ignore
scalars)

Xt

f1

2 _ 0
X <=—"X1X2
f5 £
2 f2 fi
X3 <= X2X3 = X1X3
f3 f3 f3
,  f3 fa f1
Xy = X3Xy =—X2Xg =—X1X4
lﬂ; fa fy fa
2 f4 f3 f2 1
X5 X4X5 X3X5 =— X2X5 =— X1Xj5
We have
krm
L(kw@;) = S*C™, X(L(@y)) = E Xa; *** Xag-
1<ai<-<ag<n
2.9. Remark. In general, for representations Vi, -- -,V of g, we

have a representation of gon V; ® --- ® V,, with x € g acts by
Leibniz rule

x@T®-@1+13x®-- @1+ +1R1T® - @x.
Similarly, for a single representation V, the same formula equip
a g-representation on the space AV or S*V.

2.10. Example. The Lie algebra g itself is an irreducible repre-
sentation (when g is simple). The action is

Xy = [X> U]°
We call this representation the adjoint representation. Then

L(0) = adjoint representation.
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For example, when g = s,

: . fa
/, E1n2 Eis £ i
Ve
| H] ﬁ . f1
1y
b fy f3 f4
Ene 7 o En=——BRu~—Esp
) H ’ :
L f2 12
[ LTS f :
3
En——En. ° o Eu=——Es;
S
f3 N i f3
3,0
| § "ty
Eyy=—EBp<~——Ei3_ nol -
f4 lﬂ; lu o Ha
ﬁ i} 5ot~
, . Es;3 Esy

2.11. Weyl character formula. For a dominant weight A,
X(L(A) =xa.
2.12. Demazure character formula. For a weight A = wA™ for
a dominant weight A" and w € W, we define
DO = the b"-submodule of L(A)
generated by a vector of weight A.

Then
x(D(A)) = Ky

— REPRESENTATION OF SYMMETRIC GROUPS. [5, Chatper 4]
2.13. Examples. For n > 1, we denote the following represen-
tations of S,.

tri = trivial representation,

alt = alternative representation,
std = standard representation C" /tri.
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2.14. Grothendieck group. Let

Grothendieck group of finite
dimensional representation of S,

_ ZV] V] = [V]if
o O—>V1—>V—>Vz—>0
VES -Rep

D z

Virrep of Sn

K(S,-Rep) =

Actually K(S,-Rep) forms a ring under the tensor product. But
this is NOT what we will mainly use.

2.15. Grothendieck ring. We consider all Grothendieck groups
together

K = @ K(Sn-Rep).

n>0

It forms a graded ring under the exterior product
(U] - [V] = Ind% UK V],
Actually, it is a Hopf algebra with pairing.
2.16. Characters. The representation theory of a finite group G

is controlled by its character table. By definition, the character
of a representation V of G is

xv:G—=C g tr(gly).
For example, for G = S,,
Xui(w) =1, Xart(w) = (=1
Xsta(W) = #H{i:w(i) =1} — 1.
We know
K(G-Rep)c = {class functions} := Fun(G/AdG, C).
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2.17. Specht modules. For a parition A - n, we have an irre-
ducible representation

Specht,.

For example, whenn =7

[(TTIIT1) = tri,

T g,

(113 5 = alt.
] = A~std,

They are the full list of irreducible representations.

2.18. Characters.

The following the character table of irreducible representa-
tions of S,, for 1 <n <5, see [5, Example 2.6, §2.3, §3.1].

S, |id (12) (123)
- Sy |id (12) e 1 3 2
S1 | id g1 1
e |1 tri |11 1
— tri | 1 1
tri| 1 std | 2 0 -1
a1 -
alt |1 -1 1
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Sq¢ |id (12) (12)(34) (123) (1234)
# 1 6 3 8 6
tri |1 1 1 1 1
std |3 1 -1 0 -1
A*std |2 0 2 -1 0
Adstd |3 1 -1 0 -1
alt |1 -1 1 1 -1

Ss |id (12) (12)(34) (123) (123)(45) (1234) (12345)
# |1 10 15 20 20 30 24
tri |11 1 1 1 1 1
std |4 2 0 1 -1 -1 1

Alstd |6 0 -2 0 0 0 1

Adstd |4 2 0 1 -1 -1 1
alt |1 -1 1 1 -1 -1 1
HH |5 1 1 -1 1 -1 0
@3 5 -1 1 -1 -1 -1 0

2.19. Frobenius character. Recall

Pe=xf+x5+---, Pr = Prr P
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For a class function x of S,,, we define the Frobenius character
to be the symmetric function Frob(x) such that

any w € S,
X( Oz:]type)\ ) = <Fr0b(X)>p7\>'

Explicitly,
Frob(x B 1 [anyweS,
ro - S X WP = Y X Coftyper ) P

WESH AFn

The notations here:

e Forw € §, if the cycle type of wis 1™2™2 ... then type(w)
is the partition with m; many 1’s, m, many 2’s etc.

e For A with my many 1’s, m; many 2’s etc., zy = 1™m,12™m,! - -

which is the number of w € S, with type(w) = A.
For a representation V, we define
Frob(V) = Frob(xy) € A.
2.20. Theorem. We have anisomorphism of Hopf algebras with
pairing
Ind3" tri— hy =hy hy, -
Frob:Kg=A  Indsgn—— ex=eyey
Specht, — s,.
The first condition can be rewritten as
Frob(V) = ) dim(V*)m,

AFn

2.21. Example. Here is an example of character table for n = 5.

Sym = SymmetricFunctions(QQ)

m = Sym.monomial(); p = Sym.power ()

h = Sym.homogeneous(); e = Sym.elementary();
s = Sym.Schur()

ptts = list(Partitions(5)); p5 = len(pttd)
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M = p.transition_matrix(s,5)

print( table([[M[b] [a] for b in range(p5)] for a in range(p5)],
header_row=ptt5,
header_column=["char-table"]+ptt5,
frame = True) )

— SCHUBERT CALCULUS. [6, Part III]
2.22. Grassmannians. Let 0 < k < n. We consider the Grass-
mannian variety

Gr(k,n) = {subspace V < C" : dim V = k}.
Schubert calculus wants to understand the intersection theory
of Gr(k,n).

2.23. Schubert cells. We are going to decompose
= UJ xa
AC(n—k)k

where A is a partitlon inside the rectangle (n — k)*, bijection to
k-subsets of [n] ={1,...,n} by

AH{?\i+k—i+1}C n]

5

Diagrammatically,

—{2,4,7).

We will each V a k-subset of [n], and thus assign a partition. We
define

X(A)? ={V : the assigned partition is A}.
There are many equivalent way of defining the k-subsets.
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Definition A. For a k-subspace V, we can find a basis
Viy..., VW € V.

Write them as row vectors, and we can find its reduced echelon
form. Then we can find a k-subset of [n], with submatrix being
the identity. For example, when (k,n) = (3,8),

*+ 100 0000
*+ 00«1 0 00
*+ 0 x 0 % x 1

0 {2,4,7}
0 N

Definition B. Let us denote the standard flag by
0O=F<kh<---<F_<F, =C" Fi = span(ey,...,¢€;).
Then the intersection with V € Gr(k,n) gives another chain
O=FNV<HNV<S.--<F 4 NV<FNV=V
Each step

p < 79 ? =77, or
ST dim? 41 = dim 77

The increasing indices form a k-subset of n. For example,

e o e L F7ﬁV:FgﬁV
T
IR L g NV =FsNV=F¢NV -
U 2,4,7}
e FpNV=F3NV a
U

FonV=F NV

Definition C. For each k-subset A C [n], we define
Vj =span(e, : a € A) € Gr(k,n).
For the corresponding partition A, we set V), = V. Then
X(A)° = B-orbit of V,
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where B is the Borel subgroup, i.e. the group of upper triangular

matrices.

2.24. Schubert variety. We define Schubert variety to be the
closure

X(A) =X = [ X(w)".

HCA

We define the Schubert class
or = [X(A)] € H*(Gr(k,n)).
We have

2.25. Opposite Schubert class. Note that
deg o\, = codim X(A) = k(n —k) — |A|.
We define the opposite Schubert class
0" = dual basis of o).

From the intersection theory,

where Y(A) is defined similarly to X(A).

e In definition A, we should use the upper echelon form;

e In definition B, we should use the standard decreasing
flag FP with F{? = span(ei;1,...,eq).

e In definition C, we should use the opposite Borel (i.e.
lower triangular matrices) orbit.
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2.26. Example. Let us identify
Gr(2,4) = {2-dimensional subspaces in C* = {lines in P?}.
Then a flag is a choice of
C -

The classes ¢ can be described as follows. Here the colored
point, line or plane is a member of the flag.

ALL LiNgS \ } é / %

16} L]

N W A
NN

d = s

2.27. Theorem. The linear map defined by

0-?\) A - (n_k)k)

Qlxyy ...y xl® = H(Gr(k,n)),  sy— { .
0, otherwise

is a ring homomorphism.

2.28. Example. In Gr(2,4), we have
0-O0=rm+H.
Compare:

sD~sD:sED+sB.
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The (transversal) intersection representing the cup product [J —
Ois
(%) = {the set of lines intersecting two given lines}.

Consider the special case when two lines intersect. Then any
line in (%) either

e going through the intersecing point;
e in the plane spanned by these two lines.

Thus we can decompose into irreducible components
(x) =Huro.

By dimension reason, the intersection (x) is generically transver-
sal,sowehave -0 =7+ E
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3. HALL-LITTLEWOOD POLYNOMIALS

— REFERENCE. Most of results can be found in

[25] I. G. Macdonald. Symmetric functions and Hall Polyno-
mials, second version. Chapter III.

[28] K. Nelsen, A. Ram. Kostka—Foulkes polynomials and
Macdonald spherical functions. [arXiv]

— TYPE-FREE DEFINITION. In this section, we will fix a for-
mal variable t. The polynomials introduced in this section are
defined for all Weyl groups. We take A = P to be the weight
lattice, or any sub-lattice containing root lattice Q.

3.1. The Poincaré polynomial. We define the Poincaré poly-
nomial of a Weyl group W to be

— Z tf(W)
wew

The special value W(1) = [W| gives the order the Weyl group.
We refer readers to [13, §3.20, §2.11, §4.9] for more formulze.

3.2. Symmetrizer. Let us consider the following symmetrizer
Symm/(f E wf | | 1-te”
y T—ex |°
wew >0

When t = 1, this is the naive symmetrizer. When t = 0, this is
the symmetrizer used to compute Weyl character.

3.3. Definition. ForadominantweightA € A, the Hall-Littlewood
polynomial of it is
1
Wi (t)
The readers might wonder why there is a strange denominator.
We will see soon that this is natural.

Py = Symm(xh).



https://arxiv.org/abs/math/0401298
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3.4. Specialization. We have
Pali=o = Xas Pili=1 = ma.

This is the first explanation why we need the denominator W) (t).
3.5. Example. Here is an example in SL;
1 1-t 1-t 1

-t oY) 2(t-1)2 Wg-&’&’\\ 1-t

(v

/1’V"3\

s 1) —'Lt“'\ “‘l\\’v\\, 1

1 \"7‘\ QA _0) \x R ) &t

x3)
1-t 2'(t_1)i\/\\w"l\)&Z(t—Uz 1-t

1-t “,7_\,\‘»’“’ W?,\&V\\/ 1-t

1—te ™
Symm(1) Z w ( pp— ) = W(t).
See [28, Coro 2.17].

First proof. By Weyl character formula, for any integer weight

A € Conv(wp :w € W)

ZW el e _ (_1 )E(w)) A= wo,
1—e« 0, otherwise.

we have
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Note that [ [ (1—te ) is supported over p+Conv(wp : w € W).
The expansion gives the formula. O

Second proof. There is trick called rigidity [29, §2.4]

limX*}O f(X) 3

) eC™ M3

} — f(x) is a constant.
Now we note that Symm(1) is a Laurent polynomial, and each
term converges in any direction of limit:

T—tx

1—1t
lim =1, lim Xt
x—0 1 —x% x—oo | — X

As a result, Symm(1) only depends on t. If we take the limit
e* — oo, then it is not hard to see, each term

This finishes the proof. O

3.7. Proposition. For any dominant weight A € A, we have

Ph=xat+ D tZI X,

H<dom>\

See [28, Coro 2.16].

Proof. We split

1 —te ™ 1 —te ™ 1 —te ™
T—e H T—e® H T—e’

x>0 (o,A)>0 (o, A)=0
ZW(...) — Z u(z V(...)),
wew wewA veW,
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Applying the above Lemma to W, it is not hard to obtain

p A T —te ™™
A Z wix H 11— e

ueEWA >0
(A, x)>0
By expanding this in the completion with respect to anti-dominant
cone, we have

Pr=e'+ ) Ztle".
U<A

But P, itself is a symmetric polynomial. Since P,|i—o = x», so the
proposition follows. O

3.8. Kostka—Foulkes polynomials. The Kostka-Foulkes poly-
nomial K,, for two dominant weights A, u is the coefficients of
the expansion

XA = Z K)\u(t)Pu-
n

From its geometric meaning, K,,(t) is a Kazhdan-Lusztig poly-
nomial, so it has non-negative coefficients. In type A, a combi-
natorial formula was found by Lascoux and Schiitzenberger, see
[18], see also [28, §4].

— TYPE A. Let us restrict to type A. We use the standard quan-
tum number

1T—t"
T—t’

nl=1+t+---+tv'= ]! = Mmlm—1]---[1].

3.9. Explicit formula. LetA = (A; > --- > A,,) be a partition of
length n. Then

Wy =S4:=S84 X -+ X Sq
where x =n (i.e. & + - -+ + &, = 1) such thatin A

e A appears o times;

....’
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e )\, appears o, times.

We have
Wi (t) = [ed! = [og]! -+ - [otm]!
For example,

A=(5,5,3,2,2,2,0)
ox=(2,1,3,1)
Wy =85, xS xS3x 8
Wi(t) = (14+t)(1+t+t2).
The symmetrizer

Symm(f) = Z w (f H %) .
i X

wew 1<i<j<n
1 xi — tx;
Ph=—> wix* [ =—2].
(]! L X — X
wew 1<i<j<n

3.10. Example. Let us compute the case n = 2 by hand. We
write (x1,%2) = (x,y) and A = (a,b). Then

S(ab)(xvy)v a=hb.
P a,b (X y) = '
(@S S(a,b)(xyy) - tSa—],b—H (X)y)) a>b.

Case A. When a = b, we have
W, =S, Wi(t) =1+t.

By definition,
_ 1 a aX_ty a ay_tx
PA(Xay)—m(Xy — ‘HJXy_X
_ Xy (ot oY)y Xy e
1+t X —Y 1T+t L

In particular, when A = &, P, = 1.
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Case B. Let us compute for a > b. We see easily from the
definition that

Plap) = XY Plabo)-
So let us compute when a > b = 0. We have

S)\:S]XS], W)\(t):]
By definition,
x—t U —tx x4 x —ty) +y*(tx —
Py(x,y) (Xa Y, Y ): (x —ty) +y*(tx —y)
X—y y—x X—y

= ha(x,y) — txyha_2(x,y)
= ha(x,y) — ts-1,1)(x,y).
3.11. Symmetric functions. One can check for each partition A,
Pa(X1y. .oy Xk) = Pa(Xx1y ..oy Xx, 0).

In particular, P, can be upgraded to a symmetric function. More-
over, if Ay .1 # 0, then

P)\(X], .o .,Xk,O) = 0.
This proves the stability of Kostka—Foulkes polynomials.

3.12. Example. One can compute Hall-Littlewood function in
SageMath

Sym = SymmetricFunctions(FractionField(QQ["t"]1))
HLP = Sym.hall_littlewood().P();
HLP([3,1,1]) .expand(3)

The expansion to Schur functions (similar to other basis)

Sym = SymmetricFunctions(FractionField(QQ["t"]))
HLP = Sym.hall littlewood().P();

s = Sym.Schur();

s(HLP([3,1,1]))

See the documentation.



https://doc.sagemath.org/html/en/reference/combinat/sage/combinat/sf/hall_littlewood.html
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— DEMAZURE-LUSZTIG OPERATORS. As we seen from the
theory of Schur polynomials, a family of symmetric polynomi-
als could be studied by extending to its non-symmetric version.
We could do the same for Hall-Littlewood polynomials. But in
this section we only introduce the operators.

3.13. Demazure—Lustig operator. Let us denote the Demazure-
Lusztig operator for a polynomial f and i € I by

t—1 , 11—t . te* — 1
Ti:tsi+e“i_ (Si_ld):eai—1ld+eo‘i—13i
Then we have
TP=(t—1Ti+t (quadratic relations)
LT =TT (1#3) (braid relations)
S =
mij mij
From the braid relation, it is well-defined to write
Tw=T, Ty w=si -8y (reduced).

3.14. Example. Consider the case W = S,. We can represent
the relations as diagrams. We use H; = t7'/?T.. Let

_ — (12—t

Hi Hl—1 Hi _ Hl—] — t]/z _ t—]/z

The rest of relations are presented here:

HiH' =1=H"H; HiHi 1 Hy = HigHiHi



BEHIND COMBINATORICS 37

HiHj=HH  ([i—jl>1)
Actually, they are the relations of the braid group (i.e. the group
generated without quadratic relations). The reader might find
some analogy of skein relations in knot theory. Actually this
diagram presentation motivates the construction of HOMFLYPY
polynomials in knot theory, see [32] for an introduction.

3.15. Example. Let us compute the SL,-case. For A dominant,

ef?\ ef?\Jrcx e?\foc e?\ ef)\ e#\ﬂx e?\ﬂx e?\
0 0 0 1 5 1 T—t -« 1—t 0
1 0 0 0 t—1 t—1 -« t—1 t
We have

T(eM + e5*) = t(e! + esih).
In general,
sif = f = T(f) = tf.

3.16. Example. It is useful to understand the quadratic rela-
tions at the level of operators. In the computation, we omit the
indices.

(T+1)() :tsf+(t—1)ZI:: +f

(T ) e (A ) s
ex —1 ex —1

_ e*—1t £y te* —1 of
ex —1 e — 1

:(s—l—l)(fﬂ).
1—e«
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Similarly,

te* —1
= — (s = 1)(f).
ex —1
Since (s — 1)(s + 1) = s —id = 0, we have

(T—t)(T+1)=0.

3.17. Example. Let us consider SL;. We start from e for A =
(5,2,0).

1 1 1-t 1-t

1-t
1
-t -D -0 1D (-9
T At -t -t gt -t \\,x\"ﬁ\ o) Qa —x\l&\ (\x’\i\'& ’VQ\
Pt e
-t At ‘ol e
1 1 -t

3.18. Remark. For each A € A, we define the operator X*(f) =
e’ . Then the affine Hecke algebra (for the dual system) is iso-
morphic to the algebra generated by

Hi=t"’T, (iel); X* (A € root lattice).
Actually, under the Coxeter presentation

A anti-dominant = H,, = X*.
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3.19. Symmetrizer. Notice that

TT Tsws SiW > W,
YT T F (= DTy, siw <

In other word, if w < s;w, we can represent the multiplication
as

t—1
SW ——————= S;W

w ] S w
T
So we can represent
1 t
SiW ————— SiW SW ——— > SiWw
AT TN
Wi—— ———=w w w
T, —t T +1
If
Cug =D Twr  Cuy=) ()T,
wew wew
then
(l—1t)Cyy =0=(Ti + 1)C;v0
Similarly,

Cue(Ti—1) =0 = Cpp, (T + 1),

3.20. Theorem. We have

Z w (fH ]1__—:3_:> =: Symm(f) = Cy, (f) := Z T (f).

wew oa>0
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Proof. As an operator, C,,, must be of the form
Cw, = Z WO Q.

We need to show
1 —te @
A, = _
¢ 1 —e @
o>0
e For w = w, this is similar as we did for 9,,,. Precisely,

the term wy can be contributed only by the term T,,, =

Ti, - - Ti,; and the contribution is the product of s, (---)
in each factor T, .
e Since (T, —t)Cy, = 0,and Ty —t = (---)(s;i — 1), so it

implies C,,, (f) is symmetric for any f, i.e.

CWOZ(ZW)O("')-
wew

This shows a,, = a,,, for all w. O
3.21. Remark. This gives another proof of Symm(1) = W(t).

3.22. Remark. There are other versions of Demazure-Lusztig
operators. We will show uniqueness of such operators in certain
sense. Assume we have an operator

Ti = p(O(i)Si — q(OCl)Id
satisfying

(fi—-t(fi+D =0, TT-- =TT

Then
- i) tets —1 1—t
Ti=+ glo) te Si :
g(—oy) e —1 ec® — 1
for a constant c, a function g. This is by explicit computation in
SL;. Here are two popular choices:
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e when c = 1and g(a) = t'?e*/? — t/2e=%/2 we get

. o tedi— ] 1—t
T = —sf 4 (ST T _te

— S: id.
exi — 1 e% — 1 1+e°‘i—1

This is the operator from another one-dimensional repre-
sentation k~ with T}, — v,
e Whenc = —Tand g(a) = te* — 1, we get
- te® —1 1—t
T = =

This was used to characterize Whittacker functions [1].

i id.
e 1" +(3*0‘1—1I
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4. BACKGROUND AND APPLICATIONS
4.1. Modified Hall-Littlewood. In this section, we write
P= t<p’}\>P}\’th*‘ .
In type A, we need to fix a choice of p, our choice is
Py = t Py

where

olofo]o]
n(?\):Zrow(D)—L eg. mn||1]1 =4.
2

In the following applications, all the role is played by Py.
— Hall polynomials. [25, §II1.3]
4.2. Question. Assume we have three finite abelian p-groups
A, B, C, we want to compute the number

che(p) =#{M < C:M=Band C/M = A},
Recall a finite abelian p-group must be of the form

M =Z/p") & - & Z/(p™)

for a partition A. We say an abelian p-group isomorphic to A, of
type A. In other words,

{finite abelian p-groups} /~ = {partitions}.
Thus let us take

A=A, B=4A, C=A,, Cul(p) = cSe(p).
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4.3. Example. Consider
H = Aey =Z/p*Z & Z/pL.
Let us classify M C A(,;) isomorphic to
O=An = Z/pZ.

Equivalently, we are classifying order p-elements. It is not hard
to see

{order p elements} = {(ap,b) : a # 0 or b # 0}.
Let M be the subgroup generated by (ap, b).
Case A. Ifb # 0. Then A(,;)/M is generated by (1,0). Actually,

M can be generated by (a’p, 1) for some a’ = b~'a mod p. So
(0,1) can be generated (1,0) modulo M. This shows

1] = A(z) = A(z)])/M.

Case B. If b = 0. Then A;;)/M is generated by two order-
p elements (1,0) and (0,1). Actually, M = pZ/p*Z @ 0. This
shows

H=Aun = Agn/M.

Summary. As a result,

2,0 _ _
i P) =p, chanP)=1.

4.4. Example. Consider
(T = Ag) = Z/p°Z.

Similar as the computation above,
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4.5. Example. Consider
ﬁ =Aqn =Z/pZL® L/pZ & L/pZL.

Similar as the computation above,

(]y1)]) . 2 (]’]’]) -
ca)inP)=T+p+p5  cpjipp) =0.

Another perspective is A1) is an F,-vector space, and a sub-
group M C Ay 1,1y isomorphic to A(;) is nothing but a 1-dimensional

subspace. So
(1,11
cii i (P) = #(P*(Fp)).

4.6. Hall algebra. The idea is the following. Consider

_ tinite abelian | r ., A=B=
H= {{ p-groups } =2 f(A) =f(B) }

We can define Hall product
(fxg)(A)= D> f(M/A)g(A).

M<A

It is a good exercise to see H forms a ring with unit, called the
Hall algebra. See [34] for a general introduction to Hall alge-
bras.

4.7. Translation. Now, let P, denote the characteristic function
of A,. We see immediately that

Py *P, = Z Can(P)Py.

This equips the original question an algebra structure. Let us
restrict to the subalgebra

J{:@Z-PAQH.
A

It is the subalgebra of J of finite support.
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4.8. Theorem. The linear map
H—= A, Py — P)\|t»—>q

is a ring homomorphism.

4.9. Example. We have

PanPay = (8 +t+ 1Paan + Pa,
PPy =Pi) +Pe.

From the three examples above, we have

PanPoy = (1+p+p)Pusn + Pa
PPy =P +pPiy)

Here is the value of n(-):

Amon @ 0,n0 2,1 6)

nA o] 1 0| 3 10

4.10. Remark. The proof can be found in [25, III (3.4)]. A con-
ceptual reason is a relation between Hall algebra 3 and spheri-
cal Hecke algebra of type A, see [25, V (2.6)].

— Spherical functions. [28,12]

4.11. Assumption. LetT C B C G be a maximal torus, a Borel
subgroup and a reductive algebraic group Weyl group is W . For
example, when W = §,,, then we can choose

* ke *

T= CB= .. | cG=GL,.
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Letus fix @ € m C O C X be the uniformizer, the maximal
ideal, ring of integers and a local field with residue field F,. For
example,

x € xFql[x]] C Fqllx]] C Fq((x)), P € PZp) C Zpy C Q).
We will not distinguish the base change and its rational points.

4.12. Spherical Hecke algebra. The spherical Hecke algebra
is defined to be

Gx — Q 91,92 € Go = }
Cc(Go\Gx/Go) = X : .
(Go\Gac/Go) { of compact support ~ f(gixg2) = f(x)

The algebraic structure is given by the convolution:

(fxg)(x) :J f(xy_])g(y)dy, vol(Gp) = 1.

Gg

4.13. Cartain decomposition. Let A = Homaj,crp(Gm, T) is the
cocharacter (aka one-parameterized subgroups) lattice. We have
Cartan decomposition

Gk = |_| Go ®"Go, Cc(Go\Gk/Go) = EB Th..

AEAGom AEAGom

4.14. Example. Let us consider G = GL,. Firstly, we can iden-
tify

Gy /Gy = {O-lattices L in K"}.
Then for a partition A = (Ay,...,A,), we have

oM
o = € G.
M

Then @* corresponds to the lattice

L=d"0® - @0 C K™
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Then its Gy orbit can be described as
LoL:L/L=A)  A=0/m e a0/mh

where Ly = O%™ is the standard lattice. It is not hard to imagine
the structure constant for A, p, v is

. L/Lo = Ay
#{LOQLQLV. Lv/LgAu}

which coincide with that of the Hall product.

4.15. Affine Hecke algebra. We denote Iwahori subgroup by
[={g(x) € Gy :g(x) mod m € By, } C Gx.
Then the (extended) affine Hecke algebra is defined similarly
Ce(I\Gxe/T) = H.
It can be described explicitly using generators and presentations,
see [12].
4.16. Two presentations. There are two presentations of He:

o Coxeter presentation, i.e. Hg is (almost) the Hecke alge-
bra with respect to the affine Coxeter diagram;

e Bernstein presentation, i.e. Hg is the algebra generated
by Demazure-Lusztig operators and multiplications.

A clear treatment can be found in [36].

4.17. Center of affine Hecke algebra. Using the Bernstein pre-
sentation, we see easily
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4.18. Satake isomorphism. We have the following diagram

Ce(Go\Gx/Go) — Cc(I\Gy/T)

| |

~

Z(ﬁ'\fg) < }CG

QY

4.19. Theorem. Under the isomorphism

C.(Go\Gk/Go) — QIA]Y, Tx +— Palig-
Note that A is a coweight, so the Hall-Littlewood polynomial is
defined for the root system is dual to G.

— Springer fibers. [7,§3.4]

4.20. Springer theory. Let N be the set of nilpotent matrices in
M, (C). The Springer resolution is

N ={(V.,x) € Ft, xN:xV, C V.} 75 N.
For a nilpotent matrix x, the Springer fiber is
Fl ={V. € T, : xV, C V,}.

Since x itself is nilpotent, the equality never achieves, so the con-
dition is equivalent to xV, C V,_;. Springer theory equips an

S, action on H, (¢, ), H* (FL,).

We want to study the H..(F¢,) = H*(J) as graded S, -representation.
Recall that the nilpotent matrices are classified by Jordan blocks

X\ = diag(]h Yooy ])\m)
for a parititon A - n. We set J(, = J,, .



BEHIND COMBINATORICS 49

4.21. Example. Consider n = 3. We have three types of nilpo-
tent matrices

(1,1,1) (2,1) (3)
0 0 1 0 1
0 0 0 1
0 0 0
We have

e For A = (1,1, 1), the matrix is 0. So Iy ;1) = FLs.

e For A = (3), the matrix is a single Jordan block, the only
flag is the standard flag, so F{(3) = {standard flag} = pt.

e For A = (2,1), Fl is a union of two P! intersecting at
one point (justified below).

Assume A = (2,1). Let (0 C V; C V, C C#3) ¢ F;1). The
condition says

xV; =0, xV; C Vi, xC* C V,.

We can present basis of C? as follows

X X
0%61(—62

0 & e
Then the conditions
xV; =0 xV, CV, xC3CV,
V) C span(e, e;3) V, D span(e;)

The choice of V; is
{Vi C span(e,e;)} =P'.

If Vi = span(e;), then the choice V; is arbitrary, this gives a copy
of P'. Otherwise, we have to take V, = V; + span(e;), the choice



50 RUI XIONG

of V, is a single point. Topologically, it is two P'’s intersecting at
one point:

choice of V;
special fiber

We can compute its homology group now

A Fl, dim H,(F0)

(3) pt 0 tri

(2,1) P'UxP'" 1 triostd

(L1,1) TG 3 triostd®std @ alt

4.22. Theorem. We have
dim(any irreducible component of F€,) = n(A).
Moreover, the graded character of
Frob (H*(5¢)) = H,

where H, is the dual basis of P, under the Hall-pairing. In other
word,
<SpeChtw H*(gj&\» = tn(A)KM(t_] )

the Kostka—Foulkes polynomial.
4.23. Remark. Equivalently,

]:l)\ = tn()\)]—l)\h»—f[*1

H, is the dual basis of P, under the Hall-pairing. There is an-
other dual basis Q,, but it is dual with respect to the t-deformed
Hall-pairing, see [25]. They are related by Hy = Q,[Z].
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4.24. Example. We have the following expansion.

expand — | P11 | Py | P

(1,11 1

@) P+t 1

S(3) t to] T

Compare:
expand | H*(Faq0)) | H(Fon) | H* (T 3)

alt = Specht t
std = Specht P4t 1
alt = Specht;, 1 1 1

4.25. Remark. We remark that Springer theory is not only for
type A. But the relation with Hall-Littlewood polynomial is
only in type A. A geometric explanation is, there is an open
embedding

N — GpttGo/Go C Gx/Go, uw=(n,0,...,0)
for G = GL,, where
=tem=t0C O =CI[t]] c X =C((t).
See [37, Example 2.1.8].
4.26. Parabolic Springer fibers. There is an equivalent way of

stating the result via parabolic Springer fiber. Let « = (1,..., ) =
n be a composition. The partial flag variety is

F*={0=VoCcViC---CVyu=C":dimV, =dim Vi1 + ;}.
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We can consider the parabolic version of the springer fiber
Fl ={V. € TV, C Vo).

It is known
H, (FE) = H, (505" /A,

where A, is the discriminant of S,. If u = sort(«) - n, then
dim H*(F3) = t =0 (e, H,)

where w, is the maximal element in S,. It is known F¢5 admits
an affine paving, so it coincides with the point-counting over
finite fields, i.e.

#(:T'E;\((]Fq)) = <hu) ]:l)\>|t»—)q-
4.27. Example. Whenn =3,
FO =g, FD =pr =g g8 = pt,

Similar as the computation above, we have

A gt g get | g

(3) pt I} 1%} 1%}

(2,1) | P Uy P’ pt pt 1%}

L, F | F FPY | pt

Compare
(=) |eman| ean e()
Hia | O 0 1
Hony | O t 2t 41

Hs) 2B+t [P+ 282+ 2t + 1
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4.28. Generalized Springer fiber. There is another version of
parabolic Springer fiber (known as generalized (parabolic) Springer
fiber)

?E‘("M ={V, € Fl*: x, V., C V,}.
The difference is the indices. It is known
H.(FC) = Ha(T0)
If u = sort(x) F n, then
dim H*(5¢;,)) = (hy, Hy)

the monomial expansion of H,.

4.29. Example. Similar as the computation above, we have

(1,1,1) (1,2) (2,1) (3)
A e Fe T T

(3) pt pt pt pt

2,1) |P'UP' | P P | pt

1,10 F | F FPY | pt

Compare
(==) [ haan | heny h@)
Hon |1 1 1
Hon |1 t+1 2t +1
His) T | 2+t+1 [ +22 +2t+1
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4.30. Remark. We can define generalized (parabolic) Springer
fiber for any x € M, (C), not necessarily nilpotent. But by Jordan
decomposition, the fiber is a product of nilpotent fibers. But
when restricted to finite fields, which is not algebraically closed,
this reduction is no longer available. The computation is more
subtle, see [30]. A nice Hall-algebraic treatment can be found in
[27, 82].

4.31. Example. One can compute the transformed (resp., mod-
ified) Hall-Littlewood functions H, (resp., H,) in SageMath.

K = FractionField(QQ["t"]1); t= K.gen()

Sym = SymmetricFunctions(K)

H = Sym.macdonald(0,t) .H(); # H(t)=H(q=0,t)

Ht = Sym.macdonald(0,t).Ht(); # H™(t)=H"(q=0,t)

m = Sym.monomial(); h = Sym.homogeneous(); e = Sym.elementary();

s = Sym.Schur()

ptt3 = list(Partitions(3))

print(table([[ Ht[a].scalar(e[b]) for b in ptt3] for a in ptt3],
header_row=ptt3,
header_column=["<H",e>"]+ptt3,
frame = True))

print(table([[ Ht[al.scalar(h[b]) for b in ptt3] for a in ptt3],
header_row=ptt3,
header_column=["<H” ,h"]+ptt3,
frame = True))

print(table([[ Ht[a].scalar(s[b]) for b in ptt3] for a in ptt3],
header_row=ptt3,
header_column=["<H",s>"]+ptt3,
frame = True))
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5. MACDONALD POLYNOMIALS (I)

— REFERENCE. The main references are

[8] M. Haiman. Cherednik algebras, Macdonald polynomi-
als and combinatorics.
[22] I. G. Macdonald. Affine Hecke algebras and orthogonal
polynomials. Cambridge tracts in mathematics.

See also [21, 17].

— TYPE-FREE DEFINITION. Again, we take A = P to be the
weight lattice, or any sub-lattice containing root lattice Q.

Recall that finite Hecke algebra JHy acts on the Laurent poly-
nomial ring Q:[A] = @, ., Q(t) - €* via Demazure-Lusztig oper-
ators. We hope to define its affme version.

5.1. Demazure-Lusztig operators. We define Demazure—Lusztig

operators over the Laurent polynomial ring Qq.[A] = @,., Q(q, 1)
e’ fori e TU{0} by
t—1 1—1 te® —1
To=tsi+ —— (51 —id) = ——id + — g,
exi — 1 exi —1 exi —1

We need to justify the notations for i = 0.

Action. Recall the affine Weyl group W, = W x Q" acts on
A\ @ Z5 by

wtp(ax+kd) = wa+ (k— (B, «0))d.
By denoting q = €®, this makes sense of

W

wig 1 gFe® o g Be

Simple Roots. We have
oo = —0 + 9, 0 = highest root.

This makes sense of
(2%} —0

e™ = qe
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5.2. Example. Let us compute the SL,-case. For A dominant,
with (A, «¥) = m, we have

SoA = —A + Mo, soe = qme N = qmet ™,
Then
ef)\ e*)\+oc e?\fcx e)\ 677\ 677\+oc e?\foc
0 0 - 0 1 % gmt g™'(t-1) q(t-1)
1 0 e 00 0 q'(1-t) q ™! (1-t)
Compare with:
ef)\ e77\+oc e)\foc e?\ e77\ e*)\+cx e?\fcx e)\
0 0 - 0 1+ 1 1-t 1—t 0
1 0 - 00 t—1 t—1 t—1 t
5.3. Example. For example, in SL3:
1 q t—1
-1
,xc\'l)’q qt-q
To A «d’ v
—
L e d
e d
gt

5.4. Bernstein elements. For a dominant coweight 3, the length
of its translation

e(tﬁ) - 2<p) B>
which is linear in (3. So for dominant 31, 3,, we have

Ttl’_’,] Tth
We define YP for all B € Q¥ such that
p dominant = YP = t‘“””Ttf5

— TtﬁthB] — th51+(32'

YB (Yﬁz)—1 — YB1-B2

This defines an action of Q4 [Q"]-action on Qg [P].
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5.5. Example. In SL,, we have t,v = s¢s, so
Y =TT
Let simply denote by x = e®. We can compute

1—t
X — q_1t_]x
X gqtxT (t—1+ q'— qqt’]) X
X (—t+1—q ' +q 't +q it %
X2 g?tx 24+ (qt—q+t—1—q 't+2q"'—q 't
4 (t—1 4 q—z . q_zt_]) 2

5.6. Lemma. There is a certain order over A such that
TB(e) = q BNt (BPr) e 4 (Jower terms),

where

Equivalently, if A is anti-dominant,

w e W = p, = —wp.

5.7. Remark. For a proof, we refer reader to [17, §6]. The order
can be chosen to be

P~+ >dom 7\+) WM 7& W)\)

<A
"= @{uzdmx, Wit = WA,
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where p* is the unique dominant weight in Wu. Here is an ex-
ample

anygray <
<0<bothl&1l <

<both2&2 <3

3 2/
Actually, this choice is too strong, it suffices to take the affine
Bruhat order, see [8, Prop 5.15 & Prop 6.9].

5.8. Example. In SL,, we should choose order to be
T<xt<x?Z<xt<x?<.-,
x<x'<x¥<x3<....
The Lemma says, when m > 0
YT - t
Yx™ = g ™t 'x™ + (lower terms)
Y% ™ = q™tx ™ 4+ (lower terms).

Written as matrices (over Qg ¢[x?])

1 x* x?2 x xt ]
“11 Tt i
32 x q 2t
x 2 * * q*t
x4 * * * q_4t_1
x4 * * q't

This tells that the spectrum (eigenvalues) of Y* is

{t,q*t ', q*t, gt q', ...}
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Each eigenvalue has multiplicity 1. This is true for general root

systems, and the eigenfunction, is the Macdonald polynomial.

5.9. Macdonald polynomials. The non-symmetric Macdonald
polynomial Ey € Qq+[A] for any weight A € A is the unique
polynomial such that

YE(E)) = q BN (B EA E, = e + (other terms).

In particular, we can decompose as a Qq[Q"]-modules

Qq:lPl =P Qlq, 1) - En.

AEP

5.10. Example. For SL,, let us determine the constant term in
E, =x*+C, C = (constant).
Recall that

YY) =(—t+1—q ' +q "t ) +q it
Y¥(1) =t

So we need
qi'C=(—t+1—q ' +q 't +tC.

_ —qt+q
Thus C = —ir1 e

B, =2y _dtta
—qt+1
Similarly,

—t+1
—qt+1

X.
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5.11. Remark. The similarity of the coefficients are not a co-
incidence. Actually, we can extend the action of Q4+[Q"] to an
action of Qq+[P"]. This will gives more automorphisms, from
the theory of extended affine Hecke algebra.

In type A, explicitly
(CIX1 )HHE(m,...,un) (X2> e ooy Xny q_]xl) = Eun-&-],u],...,un,] (Xh ce )Xn)>
see [11, (10)]. For example, by homogenization, we get for n = 2

—t+1 —qt+q
= E 1 .
Eon (—qt+1)x1+x2’ (2,0) 1+(_qt+])X1xz

— TYPE A.

5.12. Explicit computation. In type A, the (extended) affine
Weyl group is

S, = {bijection Z 5 Z: f(i+n) = f(i) + n}.

The action is given by f : x; — X¢;) where

Xnt1 00 Xo [ X1t Xn | X4l ottt Xon

qX‘1 o .. an X] .. Xn q X] .. q Xn

In particular

(SOf)(Xh-- -yxn) f(qXTnXZ) y Xn—1, q_]Xﬂ

(ﬂf) (Xh v >Xn) - f(XZ)X3) ey Xn—1y q_]xl)
Moreover,

X1 o2 T Kn—1 Xo

X1/X2 [ X2/X3 | = | Xno1/Xn | Xn/Xni1 = qXn /X
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We can check easily that
noTiom ' =Ty i€ Z/nZ.
The element Yj, ..., Y, can be computed explicitly
Y =mH, ;- - Hy,

Y, =H'"nH, ;---H
? ] ] > where H; = t'/*T..

Y, =H', - H'm
Note that
Y1, Y2, Y3 & Qq:[QV].

5.13. Example. Letn = 3. The following represents Hy,, H,, Hy,

Ht] th Ht3
The following represents Y7, Y2, Y3
Y; Y, Y3

5.14. Example. In type A, we can compute E, for a composi-
tion « via SageMath

K = LaurentPolynomialRing(QQ, ["q","t"]).fraction_field();
q,t= K.gensQ);

from sage.combinat.sf.ns_macdonald import E
E([1,0,3],q,t)

See the documentation.


https://doc.sagemath.org/html/en/reference/combinat/sage/combinat/sf/ns_macdonald.html
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5.15. Explicit computation. In type A, explicitly,

+1 . o
(px)iz—nT+1+#{J<1:7\j§7\i}+#{J>1:7\)~<7\i}.

Define
V)\(i) =1 —|—#{] <i:7\j S)\l}‘f‘#{] >i:7\j <7\i}-

Actually v, is a permutation. For example,

11
23
vi: 35
42
5—4

15635

When A is strictly dominant (increasing), vy = id, when A is anti-
dominant (decreasing), vy = wy. As a result,

n+1 :
Y;E, = q—uit%—VA(l)Eu
— INTERTWINE OPERATORS.

5.16. Remark. With some extra efforts, one can show

algebra geperated by algebra generated by
[;I—i (iel) T (iel1ufoh
YP (BeQY)

this is known as the affine Hecke algebra. Recall that the opera-
tor XM — eM for each A € A. From the algebra perspective, we
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get an algebra

Qq,t[Qv] j'CW Qq,t[Q]-

The algebra J(yy is call the double affine Hecke algebra. We can
replace Q¥ and Q by P and P'. We have

. B YsiP — YB
HlYB - YSLBHi = (t1/2 —t 1/2) Y—(x\{ -1 )
Xsi?\ _ X)\

HiX)\ o XSi)\Hi — t]/Z o t71/2 § .

( S
When i € I, this is the Bernstein presentation. The case for i =0
is highly non-trivial, it is equivalent to duality theorem, see [22,
§3.5-3.7] and [8, §4.13]. In other word, we could change point of
view

X*: functions X*: operators

dualit
T, : operators T operators

YP: operators Y functions

5.17. Intertwine operators. We denote the intertwine operator
fori € I by

t—1
Y —1°
This is a well-define operator since

T =1+

eigenvalues of Y™ = {q™*0tlenel) - A € A} H 1.
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From the point of view of the above duality,

Ty = m - S5 viewed as an Operator onY.
So we have
YN = Yy, (intertwine)
Tl =TTy - (i#£3) (braid relations)
R/—/ ~——
mij mi]-

5.18. Theorem. If s;A > A forsomei € I, ie. (A, af) > 0, then

t— 1
Esi)\ = TiE)\ = (T1 + q<7\’“i>t o) 1) E)\.

Actually, there is a version for i = 0. See [22, Coro 6.15]. One
can take this as the definition of Macdonald polynomials, see
[31, §3].

Sketch. Under the assumption, we have

eigenvalue of Y* at E, = eigenvalue of Y5 at E .
So intertwine operator t; must move E, to a scalar of E,,. More-
over, the behavior of the operator T; tells the scalar is 1. O

5.19. Example. Recall that E(; o) = x;. We have Ty (x;) = x,. So
t—1 t—1
E T E =
(0,1) (]+qt—1> (1,0) X1+qt_1xz

In type A, with the automorphism, it is enough to determine all
E,, see [11].
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6. MACDONALD POLYNOMIALS (II)

— SYMMETRIC MACDONALD POLYNOMIALS. Note that YP
does not preserve the symmetric polynomials Qg [P]". But Qg [Q"]"
does.

6.1. Lemma. The action

QqelQT ™ QqulPl
restricts to
Qqi[QTY ™ QqulPIY.
Sketch. Recall the operator C,,, = > . Tw. The lemma fol-

lows from the following two facts

Qq,t PV = image of C,,,,

Q. [Q'1Y commutes with C,,,. O

6.2. Macdonald polynomials. The symmetric Macdonald poly-
nomial P, € Qq[A]Y for any dominant weight A € A is the
unique polynomial such that

f(Y)(Px) = f(q 't °)P?, P, = m, + (other terms)

where f(Y) € Qq[Q']" and f(q ™) = f(Y)lys q- (o8-

6.3. Lemma. For a dominant A, we have
Pa € span(E, : u € WA).

Moreover, up to a scalar, P, is the unique symmetric polynomial
in the right-hand side.
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Sketch. The right-hand side is exactly
{9 € QqulPl: f € Qqe[QTY = f(Y)g = f(q "t ")g}.
Note that since f is W-invariant,
fla e ?) = (g e o)
for any w € W. The uniqueness follows from uniqueness in the

definition. O

6.4. Example. With this lemma, it is relatively easier to do com-
putation. In SL,, we have

—t+1
(1,00 = X1 (0,1) (—qt i ) X1+ X2

Then obviously
PU,O) = X7 + X2.

Let us give another example.

6.5. Remark. From two Lemmas above, it is not hard to show

Py =

Wit Symm(E,)
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when A dominant. The reader might ask the relation between P,
and Hall-Littlewood polynomial. Actually, for dominant A, we
have

E7\|q:0 = €>\,
Palq—o = Hall-Littlewood polynomial.

Our definition behavior very bad under the specialization q = 0.
This specialization will make many eigenvalues to be the same,
so the polynomials are no longer distinguished by Q+[Q"]. While
the characterization via the Cherednik inner product behavior
better under specializations, see [8, Thm 6.6].

6.6. Remark. The algebra generated by

f(Y) f € Qg [Q1Y
9(X) g€ QqQ"

is called the spherical double affine Hecke algebra. We can re-
place Q" and Q by P and P". Since Qq,:[QIY is the image of C,,,
the algebra is isomorphic to C,y, Hw Cyy, .
— TYPE A. Intype A anew feature is

Y4+ Yy,

already has distinct eigenvalues.

6.7. Explicit. We have
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6.8. Macdonald operators. In type A, the action of
ex(Y) = Z Yi oo Yy
1<ij<-<ig<n

can be computed explicitly as a difference operator

t1/2x; — t1/2x;
f(X], oo )Xn) = Z H Xt —X; ] ﬂxi+—>q—1xi%€1-
1e(Y) }g%
6.9. Example. Let us illustrate the computation for k = 1 and
n = 2. We use the following identity
(Y: + Yz)CWO = CWOYzch =12 CWOT[CWO.
So for a symmetric polynomial f,

(Y1 +Yy))f = t_Vszomc =112 Symm(f(x, q_1x1 ))

_ 1 —th/X1 - 1 —tX1/X2 _
_ (L 1 Lo/, 1
( T =%/ (2,9 'x1) + T—x/% (x1,9" %2
12y /2y B 12y, 41/2 B
= ] 2£(q "%, x2) + : Y (x1, q 7' xa).
X1 — X2 X2 — X1

For example, when f = E; o) = x; + X2,

V2 — 2, /25, — /2%,
Y1+ Y2)(x1 +x2) = (@ %1 +x2) + (x1 4+ ¢
X1 — X2 X2 — X1

= (‘ti]/zqi1 + t]/z)(X1 + Xz).

6.10. Limit. It is not easy to show P, is stable from the defini-
tion. The trick is, we should stabilizer the operator

i+ Y

Its eigenvalue at P, is

7 (@04 g ).
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Then we modify the operator

1
q'-1

Its eigenvalue at P, is

—H —Hn __ X .
utO 44 utn*] _ Z a)fhclf]'

(t“T4Y1+---+Yn—(t1+---+t“)).

1 -1 _
q ] q ] (Lilen
For example
[ ] 13 77
t qt
2

It is not hard to show the modified operator is stable, see [24]. In
particular, P, is a symmetric function.

6.11. Remark. The algebra generated by the limit ot the oper-
ator, and all symmetric functions are call elliptic Hall algebra.
The name comes from the Hall algebra of coherent sheaves over
elliptic curves over finite field. It is a coincidence (maybe not a
coincidence) that they are the same algebra, see [35].

6.12. Example. Here is the SageMath code for computing P, in
type A.

K = LaurentPolynomialRing(QQ, ["q","t"]) .fraction_field();
q,t= K.gensQ);

Sym = SymmetricFunctions (K)

P = Sym.macdonald().P()

P([3,1,0]) .expand(3)

See the documentation.



https://doc.sagemath.org/html/en/reference/combinat/sage/combinat/sf/macdonald.html
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6.13. Remark. An important characterization of P, is via the
q, t-deformed Hall inner product, see [24, Chapter VI]. Note
that it is different from the Cherednik inner product, see [26,
§1.12.(e)].

6.14. Integral forms. There are different functions named by
Macdonald polynomials. One define

=Py [0 - qu@e O
OeA

where a and | are arm and length statistics.

i a(g) =5
lﬂﬂ(l(l(l l(]:[)zz
2N 1—qg°t.

For example,

_ 1—t
A= , T—qt? 1-—t
= 1_[{1q3t3 1T—qg*? 1—qt 1t}

The function ] is called an integral form since the coefficients are
polynomial in q, t.

6.15. Transformed. We define

7 X1t tix
H)\ — J?\ |:] — t:| = I)\ X2 th tzxz
Note that
p Z :p +tkp +t2kp 4= ] p
o Kk Kk k TPk

In particular, f — f[Z/(1 — t)] is invertible, its inverse is de-
noted by f[Z(1 — t)]. More general, these are all special case of
plethysm.
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6.16. Modified. We denote modified Macdonald polynomial
by
]:l)\ = tn()\)HA|t»—>t*1 .

6.17. Example. Here are some examples. For A = (1,1),
Pagy =man,
Ja = (=1 =Nmpy = (t—1)(t* — 1)p12p2
Hap = Spf + 5lpy = (t+ Dmp) + tmey
Hag = (t+ Dmpgy + me = tsp) + s

For A = (2,0),
(q+D(t—=1)
Pio) = mu + qt—_1 2)s
Joo = (t—=1)(qt—T)m +(q+1)t—1)1my
= %P] + LP 2y

Hpo = Spi — Slpy = (g + ma, + mey
Hipo) = (q+ 1)ma ) +me) =4qsan + s

6.18. Example. The polynomials are all available in SageMath

K = LaurentPolynomialRing(QQ, ["q","t"]).fraction_field();
q,t= K.gens();

Sym = SymmetricFunctions (K)

J = Sym.macdonald().JQ)

P = Sym.macdonald().P()

H = Sym.macdonald() .HQ)

Ht = Sym.macdonald().Ht()

p = Sym.power(); m = Sym.monomial() ; s = Sym.Schur()
s(H([3,11))
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6.19. Remark. There are many reasons why we prefer l:b\. One
reason is the g, t-symmetry

H)\|th = ]:l)\'-
For example,
expand — sgan S21) (3)
Han £ 2+t ]
He gt g+t 1
H) q® q’+q 1

This symmetry gives a new type of characterization of Hy. For
properties of H,, see [9, §3.5].
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7. BACKGROUND AND APPLICATIONS

— AFFINE DEMAZURE CHARACTER. [33] and [14]

7.1. Affine Lie algebra. For a simple Lie algebra g, there are
many version of affine Lie algebras, summarized in the follow-
ing diagram

fxM bk = h @ Cc p Cd
¢ A with & N
@ L9 ®Cd Cartan 6 =hpCc ho Cd
N C part N o
Lg= g[ti]] f
We have
hioy = b* @ CAy @ Co.
Such that
coroots
bkm = Cc @& b & Co
(0,0)
I I I I dual (Noc)=m= 7
bim = CAy @ b* @ Cb (6,d) =1.

weights roots

We can present gy by Chevalley generators

C
hOZhev—’_;l) €0=fe®t, f():ee@t_].

7.2. Example. For example, in SL;,

0 1 0 0
e = 0 € = 0 1 €3 = 0
0 0 t 0



74 RUI XIONG

7.3. Representation theory. The representation theory of them
are different.

Loop algebra. We have an equivalence

quasi-coherent sheaves of

reps of Lg = g-reps over Spec C[t*']) = C*.

For each z € C* and a representation V, we can construct a rep-
resentation

V(z) = VItT'/(t — 2).
For example, the irreducible finite-dimensional representation
of Lg takes the form

Vi(z1) @ -+ @ Valzn)y

where Vi, ..., V, areirreducible representation of g and z,, ..., z,
are distinct points.

Introduce d. The d acts by the differential operator z-
d:z" —nz".
So
D-module of g-reps
over Spec C[t*']) = C*.
In particular, there is no finite-dimensional representation ex-
cept the trivial representation.

reps of Lg © Cd =

Introduce c. The element c is a central element to distinguish
affine coroot in Lg. For a representation V, if c acts as a constant
¢, we call { its level. Equivalently,

level { reps = resp of gknm/(c — ).

As aKac-Moody algebra, gky has highest weight module. There
are some terminologies [15, §3.6,89.2]

(D) diagonalizable module: we can decompose into weight
space.
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(I) integrable module: the action of Chevalley generators
ei, fi (i € IU{0}) are locally nilpotent.
(H) highest weight module: there exists a highest weight v €
V generating V.

The irreducible diagonalizable integrable highest weight mod-
ules are classified by integral dominant weights [15, Lemma 10.1].
We denote L(A) the module of highest weight A.

Affine Lie algebra. The affine Lie algebra § is the subalgebra
of gkm without d. We can similarly define level, diagonaliz-
able modules, integrable modules. Note that a representation
is finite-dimensional, then its level is 0.

7.4. Example. For g = gl,, there is a famous representation
called Fock space

F=AC[t = P C-.

A partitions

A good survey of the Fock space can be found in [19]. The ac-
tion of Chevalley operator can be described in terms of combi-
natorics of partitions. The submodule generated by |@) is the
level-1 representation L(Ay). The constriuction is the follwoing.

e We label the “n-residue” of each box on the partitions.
For example,

o[1]2]0]
n=3 2[0
i

e Then we consider the graph of all partitions, with an ar-

Trow .
A=, w/A=[i].

A =) W), elw=) I\

Then

?\Lp. ?\Qu
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o= #{1 A 5 ) — #{s g5 AL
For example whenn =3

t
N
ST
g

N

yoON Y ywxmﬁmy o
% m

Actually, level 1 is saying that

#{outer corner} = #{inner corner} + 1.

7.5. Demazure module. For an integral dominant weight A
and A’ = wA for w € W,, the affine Demazure module is

the b;;,,-submodule of L(A)

D(A) = ,
generated by a vector of weight A"

7.6. Theorem. Assume the Lie algebra is of type ADE. For
A€ Wa/\o ,

e_AOX(D(A)) = qu)\|tH0,q»—>q"
if we can write
A=Ay +A+mb.
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7.7. Example. Consider the case gl;. Recall
e™ =xi/xip1 (el e™ = gxn/x1.
e The trivial case, A = A,,
D(A¢) =span(|9)),  x(D(A)) = e™.

This agrees with Ey = 1.
e Consider A = Ay — otp. Then D(A) is spanned by

) 0]

Ao Ao — X
So
e Mx(V(A) =1 +e ™
E o(t=0)=Eno-n(t=0)=x/x2+(q
e Consider A = Ay — o9 — ;. Then D(A) is spanned by

[2) 0]
/\0 /\0—060 /\O_OCO_OQ

So
e MX(D(A)) =1+ e % e ™
E oy oy (t =0)=Ep1,1)(t =0) =x0/x2 +x1/%2 + ¢
e Consider A = Ay — &g — & — 20t;. Then D(A) is spanned

by
@) 0] (o[

Ao Ao — o Ao — oo — o Ao — 0o — 0
n Hua
/\0—060—061—()(2:/\0—6 /\0—060—061—20(2

Compare:

E so—ar—200 = E(o-1,1)
=Xo/X2 +X1/%2 +Xo/%1 + (g + 1) +x2/x7.
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Note: SageMath does not compute correctly the polynomial E7 1)
since it contains negative indices. We should make use of

Eno-n = En0/(xixxs)
to compute it.

7.8. Remark. There are other representation-theoretic mean-
ings of E, with t specialized, see [2, 20, 4, 3, 16].

— HILBERT SCHEMES. [9]

7.9. Symmetric space. Letus consider the symmetric space for
a space X

S"X=X"/S,.
Thatis, a point of S"Xis an S,-orbit of n-points over X, i.e. multi-
set of order n of points of X. We mean,

multi-set = set but multiplicity allowed.
It is convenient to denote an element

Sp-orbit of (x1,...,%n) = 4] + -+ - + [xn] € ZFX.

7.10. Example. We have
s"C=C"
Precisely, we can consider
e:C*—>C" (X1y..0yXn) — (e1(x),...,en(x))

where e; is the i-th elementary symmetric polynomial. This in-
duces the isomorphism. We can understand this isomorphism

by
n~ roots | polynomials of the form | coefficients
STC { x™ + (lower terms) — CL

From the algebraic geometry point of view, this says
CIS"C] = C[x1,...,x)°* = Cley,...,en] = C[CM].
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7.11. Diagonal invariant. Let us consider the space
S"C? = (C)"/Sn.
In other word,

CIS"C?l = Clx1y -+, Xny Yty - - 5 Ynl ™.
7.12. Example. When n = 1, obviously, S"C* = C2.

7.13. Example. When n = 2, let us study Clxy,x2, Yy, y2]%2. We
first rewrite

R = C[X1 +X2)y1 +y2])

C[Xl)XZ)yhyZ] - R[X)y] {
X=X1—X2, Y=Y —Ya.
Then

C[XHXZ)UHUZ]SZ = {f(x,y) € R[X)y] :f(—X, _U) = f(X,y)}
= span(x®y®: a + b € 2Z).

Let
a=xy, b =2, c=y%
Then
Clx1,%2, 1,252 = Rla, b, c]/(bc — a?).
So

S"C? =C* x {(a,b,c) € C*: bc = a?}

is a product of C? and a a singular quadrics (a cone). Moreover,
one can check the singular locus C? x {(0,0,0)} corresponds to
the diagonal

{(p,p) : p € C*}/S,.
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7.14. Hilbert schemes. Let us define
H, = Hilb" C* = {I < C[x,y] : dim¢ C[x,y]/I = n}.
We have a Hilbert-Chow morphism
m: H, — S"C?, I— [Clx,yl/I].

Algebraically, over the n-dimensional vector space C[x, yl/I, the
operators of multiplying x and y are commutative, thus can be
upper triangulated simuteniously:

S

The image of I is the multi-set of {{(x;,yi)}.

7.15. Example. Whenn = 1. Anideal I € H; must be a maxi-
mal ideal, so it corresponds to a point. We have H; = C>.

7.16. Example. When n = 2. Let us describe the fiber of 7.

o If (1) = [p] + [qg] for p # q € C?, then the ideal I can only
be the product m,m,. So the choice of I is a single point.

o If (1) = 2[p] for p € C?, then the ideal I C m2. Let us
compute for x = 0 for simplicity. Then the choice of I is

{I <R:dimeR/I =2}

where R = Clx,yl/(x*,xy,y?) has dimension 3. So the
ideal I must be generated by a nonzero element of R an-
nihilated by x and y. That is

[ = (f) = Cf, f € span(x,y).

So the choice of I forms a projective line P'.

7.17. Theorem. The Hilbert scheme H,, is a smooth variety and
the Hilbert-Chow morphism is a resolution of singularities.
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7.18. Remark. In general, the Hilbert schemes is defined for
a specific Hilbert polynomials, our definition is for the Hilbert
polynomials of n-points. General Hilbert schemes are not smooth.
The smoothness is truly a feature of dimension 2.

7.19. Punctured Hilbert scheme. We define the punctured Hilbert
scheme X, to be the reduced fiber product

X, — (C2)
pj | X {Lpnep) D) = o+ 4ol
H, —= S"C?

Note that X;, admits an action of S, by permuting the points.

7.20. Garsia—Haiman algebra. Each partition p - n defines a
monomial ideal I, in C[x, y], for example

— e
[ span | 0 xy- x‘y* x’y° x'y
O O xy Xy x4y
0 O O O x4

We define the bi-graded algebra with S,,-action
Ru - (C[pil (Ip.)]-

Note that here we view p~'(1,) as a scheme, not a variety.

7.21. Example. Let us consider
I(n) = <Xn,y> € H,.

As a variety
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But the key point is, we are considering the fiber as a scheme.
So we need to describe the local structure near the point I(,). For
e=(ey,...,ex)and ¢ = (cy,...,Cn), we denote

X" — x4 (—1)ey,
y—(ex™ '+ den) /7

Ie,c —

Note that I. s are different if (e, c)’s are different and dim H,, =
2n, this could be viewed as a local chart near I, of H,. Note
that

(L) = [, y) + -+ [(Xny Yn)]
with
{x1,...,x.} = solutions of x™ — e;x™ ' +--- 4+ (=1)"e,
eachy; = c1x{"1 + -+ Cp.
The first equality is equivalent to
ex(X1y.e.yXn) = €k, k=1,...,m.

The second coordinate y; is determined by the first coordinate
xi. As a result, the variety X;, locally isomorphic to

ek(x1 ceey X ):ek
{(e,c,x1,...,xn): yrrm o }

fork=1,...,n
So the coordinate ring of the fiber at (e, c) is
Ry = Clxyy .o vyxnl /{ex(xa, ..o yxn) sk =1,...,m).

This is known as the coinvariant algebra.

7.22. Remark. There is a way of thinking the ideal J,, such that
Ry =Clx1y ..oy Xny Yty o oy Ynl/J e

Let (aj, ay,...) and (by, b,,...) be distinct numbers. Then ], is
the a — 0,b — 0 limit of the ideal for

Sn-orbit of {(ai, b;) : (1,j) € u} C (C*)™.
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Moreover, there is another way of of describing the ideal, ex-
pressed in certain determinants, called the Garsia-Haiman mod-
ules, see [10] and [9, §4.1].

7.23. Example. Let us consider

H:Hj) IHZ<XZ>XU>UZ>'
We need to consider the ideal for the 6 points

{(Phpz»Ps) {p1, P2y p3} = {EZ:E?% (az,b1)}} C (C*).

It is the radical of the product of 6 ideals. Using computer, we
can compute

Rz, = span(1,x2,X3,Y2,Y3, X2Y3).
Moreover,
X1 = —X2 — X3, X1Y2 = —X1Y3 = X2Y3
Yr=-"Y2—-1Y3 = —X2Y1 = X3Y1 = —X3Y».

So, we can describe the S;-action.

S = PolynomialRing(QQ, ["x1","x2","x3","y1","y2", "y3", "al", "a2","
bi","b2"])

x1, x2, x3, yi, y2, y3, al, a2, bl, b2 = S.gens()

a = [al,a2]; b = [b1l,b2]

x = [x1,x2,x3]; y = [yl,y2,y3]

ideals = []
for w in Permutations(3):
rel = []
rel += [x[w(1)-1] - al, y[w(1)-1] - bil]
rel += [x[w(2)-1] - al, y[w(2)-1] - b2]
rel += [x[w(3)-1] - a2, y[w(3)-1] - bi]
ideals.append(S.ideal(rel))
I = prod(ideals);
J = I.radical(); # compute the radical, slow
K J + S.ideal(al,a2,bl,b2); # taking limit a,b->0
print(K.normal_basis())
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Rmu = S.quotient(X);
print (Rmu(x1*y2) ,Rmu(x1*y3) ,Rmu(x2*y3) ,Rmu(x2*y1) ,Rmu(x3*y1l) ,Rmu

(x3%y2))

7.24. Theorem. We have
Frob(R,) = H,.

7.25. Example. Consider n = 3. We summarize our computa-
tion

+ » »n Q
-+ »
» o

t =1tri, s = std, a = alt.
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